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Analytic Geometry in Two and Three Dimensions

H Section 8.1 Conic Sections and a New Look
at Parabolas

Exploration 1

1. From Figure 8.4, we see that the axis of the parabola is
x = 0. Thus, we want to find the point along x = 0 that
is equidistant from both (0, 1) and the line y = —1. Since
the axis is perpendicular to the directrix, the point on the
directrix closest to the parabola is (0, 1) and (0, —1); it
must be located at (0, 0).

2. Choose any point on the parabola (x, y). From Figures
8.3 and 8.4, we see that the distance from (x, y) to the
focus is

di=Vx—-072+(-1)2=Ve2+(y—1)7
and the distance from (x, y) to the directrix is
dy=V(x =2+ (y = (D))= V(y + 1)
Since d; must equal d,, we have
di=Vi+(y-1=Viy+1yY=d
X+ (y- 1P =(y+ 1)
X+ —-2y+1=y"+2y+1

x* =4y
2
?=yorx2=4y.

3. From the figure, we see that the first dashed line above
y = 0is y = 1, and we assume that each subsequent

dashed line increases by y = 1. Using the equation above,
2 2 2 2 2

wesolve{l:L,sz—,3:x—’4:%’5:x7

4 4 4 4’°

x2

6= Z} to find: {(—2V6,6),(—2V5,5),(—4,4), (-2V3,3),

(—2Vv2,2), (-2,1),(0,0), (2,1), (2V2,2), (2V3, 3),
(4,4), (2V5,5), (2V6,6)}.

Exploration 2
1.

10+

10

10

4. Since the focus (h, k + p) = (2, —2) and the directrix

y=k—-—p=4wehavek + p=-2andk — p=4.
Thus, k = 1, p = —3. As a result, the focal length p is =3
and the focal width 14pl is 12.

5. Since the focal width is 12, each endpoint of the chord is

6 units away from the focus (2, —2) along the line y = —2.
The endpoints of the chord, then, are (2 — 6, —2) and
(2 + 6,-2),0r (—4,-2) and (8, —2).
y
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y=4

RMCI

X

. 10
F(2,-2) >

AC4-2) B(8,-2)

x=2

\.
%

A(-4,-2) 10
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310 Chapter 8 Analytic Geometry in Two and Three Dimensions

7. Downward
8. h=2p=-3 k=150 (x—2)=-12(y — 1)

Quick Review 8.1
NC-(DP+(-32=V9+4=VI3

V(@ =2+ (b +3)

LY =4dx,y = +2Vx

.y =5xy= + V5x

Ly +T==(x*—2x),y+7—-1=—(x—1)%
y+6=—(x—1)>

[a=y

n A W N

5 9 3\?
6.y +5=2(x*+3x),y+5+-=2{x+ =

2 2
+Q—z(+§f
Yy mAr T,

7. Vertex: (1, 5). f(x) can be obtained from g(x) by
stretching x* by 3, shifting up 5 units, and shifting right
1 unit.

|
(3, 4] by [-2,20]
8. Vertex: (3,19). f(x) = —2(x — 3)* + 19. f(x) can be
obtained from g(x) by stretching x? by 2, reflecting across
the x-axis, shifting up 19 units, and shifting right 3 units.

/l y

[~2,7] by [~10,20]

9. f(x) =a(x+1)*+3,s0l =a+3,a=-2,
f(x) = —2(x + 1) + 3.

10. f(x) = a(x —2)> — 5,5013 =9a — 5,a = 2,
f(x) =2(x —2)* -5

Section 8.1 Exercises

6 3
1.k=0,h=0,p= 17 Vertex: (0, 0), Focus: (0,

)

N | W

3 3
Directrix: y = —E,Focal width: |[4p| = ’4 . E‘ = 6.

-8
2.k=0,h=0,p = - —2. Vertex:  (0,0),
Focus: (-2,0), Directrix: x = 2,

Focal width: |[4p| = [4(-2)| = 8.

4
33 k=2,h=-3p= i 1. Vertex: (=3,2),

Focus: (—2,2), Directrix: x = =3 — 1 = —4,
Focal width: [4p| = |4(1)| = 4.

-6 -3
4. k=-1h=-4p= o = 5 Vertex: (-4,-1),
_ — 1
Focus: <—4, ;),Directrix: y=-1- (73> T
) -3
Focal width: |4p| = |4 S )= 6

1
—.,s0p = ~3 Vertex: (0,0),

5.k =0h=04p=—

1 1
Focus: <O, —§> Directrix: y = 3 Focal width:

-4 4
i )4

16 4
6. k=0,h=0,4p =?,s0p =§.Vertexr (0,0),

4 . . 4
Focus: E’O , Directrix: x = ~5

. 4 16

Focal width: |[4p| = ‘4(§>‘ -5
7. (©)
8. (b)
9. (a)
10. (d)

For #11-30, recall that the standard form of the parabola is
dependent on the vertex (4, k), the focal length p, the focal
width |4p|, and the direction that the parabola opens.

11. p = —3 and the parabola opens to the left, so
¥y = —12x.

12. p = 2 and the parabola opens upward, so x> = 8y.

13. —p = 4 (so p = —4) and the parabola opens downward,
so x2 = —16y.

14. —p = —2 (so p = 2) and the parabola opens to the right,
so y* = 8x.

15. p = 5 and the parabola opens upward, so x* = 20y.
16. p = —4 and the parabola opens to the left, so y*> = —16x.
17. h = 0,k = 0, [4p| = 8= p = 2 (since it opens to the
right): (y — 0)? = 8(x — 0); y* = 8x.
18. h =0,k = 0, |4p| = 12= p = —3 (since it opens to
the left): (y — 0)> = —12(x — 0); y* = —12x.

3
19.h=0,k=0,l4p| =6=p = ~3 (since it opens
downward): (x — 0)> = —6(y — 0); x> = —6y.
3
200 h=0,k=0,[4p| =3=p = " (since it opens upward):

(x —0)2=3(y — 0); x¥* = 3y.
21. h =4,k =—-4,-2 = -4 + p,so p = 2 and the parabola
opens to the right; (y + 4)> = 8(x + 4).

22. h = -5,k =6,6 + p=3,s0 p=—3and the parabola
opens downward; (x + 5)% = —12(y — 6).
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23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

Section 8.1 Conic Sections and a New Look at Parabolas

Parabola opens upward and vertex is halfway between
focus and directrix on x = h axis,so 4 = 3 and

4+1 5 5
k = 2 El—a—p,sop—i.

(x —3) = 6(y - %)

Parabola opens to the left and vertex is halfway between
focus and directrix on y = k axis,so k = —3 and
h—2+5—z' 5—1— so -3
2 2 b 2 p7 p 2'
7
(y +3)7 = —6(x - 5).
=4,k =36 =4 — p,so p=—2and parabola opens

to the left. (y — 3)> = —8(x — 4).
h=3,k=57=5— p,sop = —2and the parabola
opens downward. (x — 3)? = —=8(y — 5).

h =2,k =—1;|4p| = 16= p = 4 (since it opens
upward): (x — 2)> = 16(y + 1).

h=-3k= = 20= p = —5 (since it opens
downward): (x + 3)* = —20(y — 3).

5
h=-1,k= =10=>p= ~3 (since it opens

to the left): (y + 4)> = —10(x + 1).

5
h=2k=34p|=5=p= 1 (since it opens to the
right): (y — 3)?> = 5(x — 2).

y
5

< T T T T 1T

I Y

/\

34. v
10k
1 II) 1 1 : é{
35. y
10:/
1 K: 1 1 1 1 1 I6
36. y
10+
N
37.
|
[—4,4] by [-2, 18]
38.

~10,10] by [~

—

[78’ 2] by [72’ 21
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312 Chapter 8 Analytic Geometry in Two and Three Dimensions

40.

41.

42.

43.

4.

45.

46.

[//_/_/_/ 47.
[-2,8] by [~
\ / 48.
-10,15] by [-3,7]
\/ 49.
[-12, 8] by [-2, 13] 50.

[\

[-2, 6] by [-40, 5]
S1.

[-15,5] by [-15,5]

5S.

52,

=
N

[-22,26] by [-19, 13]
\ ' .

[-17,7] by [-7, 9]

[-13, 11] by [-10, 6]

¢

[-20, 28] by [-10, 22]

Completing the square produces y — 2 = (x + 1)%. The
vertex is (h, k) = (—1, 2), so the focus is

1 9

(h,k + p) = (—1,2 + Z) = (—1,1),and the
1 7
i Xisy=k—-—p=2—~-=—.
directrixisy = k — p 1° 1

7
Completing the square produces 2( y = 6) = (x — 1)

7
The vertex is (h, k) = (1, g), so the focus is

7 1 5
(h,k + p) = <1,* + 7) = (1,*), and the directrix is
6 2 3
7
6

Completing the square produces 8(x — 2) = (y — 2)%
The vertex is (h, k) = (2, 2), so the focus is

(h+ p k)= (2+2,2) = (4,2), and the directrix is
x=h-p=2-2=0.

Completing the square produces

13
—4(x - I) = (y — 1)% The vertex is

13
(h, k) = <? s 1), so the focus is

(h+p,k)=<173—1 1) (Z 1>,and

13 17
the directrixisx =h —p=—+1=—.

4 4
h =0, k = 2, and the parabola opens to the left, so
(y — 2)* = 4p(x). Using (—6, —4), we find
36
(=4 —2)" = 4p(—6)=4p = = —6. The equation
for the parabola is: (y — 2)* = —6x.

h =1, k = =3, and the parabola opens to the right, so
11
(y + 3)> = 4p(x — 1). Using (7, 0), we find

11 2
(0 —3)? = 4p(7 - 1) =4p=9- 9= 2. The equation
for the parabolais: (y + 3)% = 2(x — 1).

h =2,k = —1 and the parabola opens down so

(x —2)? = 4p(y + 1). Using (0, —2), we find that
(0—2)?=4p(—2 + 1),504 = —4pand p = —1.

The equation for the parabola is: (x — 2)> = —4(y + 1).
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57.

58.

59.

60.

61.

62.

63.

Section 8.1 Conic Sections and a New Look at Parabolas

h = —1, k = 3 and the parabola opens up, so
(x + 1)> = 4p(y — 3). Using (3, 5), we find that
(3+ 1)) =4p(5—3),5016 = 8p and p = 2. The
equation for the parabola is (x + 1)? = 8(y — 3).
The derivation only requires that p is a fixed real
number.
One possible answer:
Let P(x, y) be a point on the parabola with focus (p, 0)
and directrix x = —p. Then \/(x - pP+(y—0>=
distance from (x, y) to (p, 0) and
Vi(x — (=p))? + (y — y)> = distance from (x, y) to
line x = —p. Because a point on a parabola is equidistant
from the focus and the directrix, we can equate these
distances. After squaring both sides, we obtain
(x=pP+(-02=x-(p)+-y?
X2 =2px + p?+ ¥ = x>+ 2px + p?
y? = 4px.
For the beam to run parallel to the axis of the mirror, the
filament should be placed at the focus. As with Example 6,
we must find p by using the fact that the points
(£3, 2) must lie on the parabola. Then,
(3)* = 4p(2)
9=8p

p= % = 1.125 cm.

Because p = 1.125 cm, the filament should be placed
1.125 cm from the vertex along the axis of the mirror.

For maximum efficiency, the receiving antenna should be
placed at the focus of the reflector. As with Example 6,
we know that the points (£2.5, 2) lie on the parabola.
Solving for p, we find
(£2.5)* = 4p(2)
8p = 6.25
p = 0.78125 ft.
The receiving antenna should be placed 0.78125 ft, or
9.375 in., from the vertex along the axis of the reflector.

5
4p = 10,s0 p = > and the focus is at (0, p) = (0, 2.5).

The electronic receiver is located 2.5 units from the vertex
along the axis of the parabolic microphone.

4p = 12,s0 p = 3 and the focus is at (0, p) = (0, 3). The
light bulb should be placed 3 units from the vertex along
the axis of the headlight.

Consider the roadway to be the axis. Then, the vertex of
the parabola is (300, 10) and the points (0, 110) and

(600, 110) both lie on it. Using the standard formula,

(x — 300)* = 4p(y — 10). Solving for 4p, we have

(600 — 300)? = 4p(110 — 10), or 4p = 900, so the
formula for the parabola is (x — 300)% = 900(y — 10).
The length of each cable is the distance from the parabola to
the line y = 0. After solving the equation of the parabola
for y (y = ﬁf - %x + 110) we determine that the
length of each cable is

\/(x - x)’+

900x - gx + 110. Starting at the leftmost tower, the

2 2
%x —§x+110—0) =

64.

65.

66.

67.

68.
69.

70.

71.

313

lengths of the cables are: ~ {79.44, 54.44, 35, 21.11, 12.78,
10, 12.78, 21.11, 35, 54.44, 79.44}.

Consider the x-axis as a line along the width of the road
and the y-axis as the line from the middle stripe of the
road to the middle of the bridge — the vertex of the
parabola. Since we want a minimum clearance of 16 feet
at each side of the road, we know that the points
(£15, 16) lie on the parabola. We also know that the
points (+30, 0) lie on the parabola and that the vertex
occurs at some height k along the line x = 0, or (0, k).
From the standard formula, (x — 0)> = 4p(y — k), or
x*> = 4p(y — k). Using the points (15, 16), and (30, 0),
we have:

30> = 4p(0 — k)

152 = 4p(16 — k).
Solving these two equations gives 4p = —42.1875 and
k ~ 21.33. The maximum clearance must be at least
21.33 feet.

False. Every point on a parabola is the same distance
from its focus and its directrix.

False. The directrix of a parabola is perpendicular to the
parabola’s axis.

The word “oval” does not denote a mathematically
precise concept. The answer is D.

(0)*> = 4p(0) is true no matter what p is. The answer is D.

The focus of y* = 4px is (p, 0). Here p = 3,0 the
answer is B.

The vertex of a parabola with equation

(y — k)>=4p(x — h)is (h, k). Here,k = 3and h = —2.
The answer is D.
(a)-(c) y
slope = ¥=2
/ c—1
Fb, o) /
P(x,y)
yei Al D)
7 x
Midpoint of AF
c+b l+c
M X 3 R 2(

(d) As A moves, P traces out the curve of a parabola.

(e) With labels as shown, we can express the coordinates
of P using the point-slope equation of the line PM:

f-l—c_x—b/ x+b>

2 T c—e\* 2
(’-‘rc_(xfb)2

YT T e -0

2(C—€)(y— €;C) = (x - bR

This is the equation of a parabola with vertex at

+ +
(b, %) and focus at (b, tte

c— 4
5,

y -

+ p) where

Copyright © 2015 Pearson Education, Inc.



314 Chapter 8 Analytic Geometry in Two and Three Dimensions

72. (a)-(d) y

B P(x,n—1)

>
11 A L 11y

S

[P+ o= 12=n

(e) A parabola with directrix y = —1 and focus at (0, 1)

has equation x*> = 4y. Since P is on the circle
x>+ (y — 1)) = n*and on the line y = n — 1, its
x-coordinate of P must be
x=Vt—((n—1) — 1) = V2 — (n — 2>~
Substituting (Vr? — (n — 2)?,n — 1) into x* = 4y
shows that (Vn? — (n — 2)2)? = 4(n — 1), s0 P lies
on the parabola x* = 4y.

73. (@) (x—y+1)(x—y—1)=x>—2xy+ y*— 1. Setting
x —y + 1 equal to zero gives the line y = x + 1. Setting
x —y—1 equal to zero gives the line y = x — 1. These
two lines form the graph of the solution set.

(b) These lines are parallel, not intersecting. There is no
way to intersect the cone in Figure 8.2 with a plane
and get two parallel lines.

(¢) There are no points (x, y) that solve the equation,
since x* + y* cannot be negative.

(d) The graph would be the empty set. Because the cone
in Figure 8.2 extends infinitely, it has a nonempty
intersection with every possible plane.

o

Empty set

(e)

N
N

N
S~

Two parallel lines
. . 1,
74. The point (a, b) is on the parabola y = P
p
: . a 1
if and only if b = E . The parabola y = Exz and
2
the line y = m(x — a) + % intersect in exactly

2
one point <namely, the point (a, é%p)) if and only if

2 — mx + am — L 0
4p
has exactly one solution. This happens if and only if

the discriminant of the quadratic formula is zero.

1 2 2
(—m)2 — 4(*)(am - i) =m? - am + Lz
4p 4p P 4p

1
th drati tion —
e quadratic equation 4px

2
= <m —i) = 0if and only if m :i.

Substituting m = i and x = 0 into the equation of the
line gives the y-intercept
2 2 2 2
a a

=—0—-a)+——=—-——+—=——=—h,

y 2p(O a) 4p b
1
75. (a) The focus of the parabola y = Exz is at (0, p) so any

line with slope m that passes through the focus must
have equation y = mx + p.
The endpoints of a focal chord are the intersection
. 1 .
points of the parabola y = Exz and the line
y =mx + p.
2

1
Solving the equation Ex — mx — p = 0 using the

quadratic formula, we have
mq [m? — 4(%)(—]))
(i)
= EVIEEL ot N 7 1),
2p

(b) The y-coordinates of the endpoints of a focal chord
are

y = i(Zp(m + \/rm))2 and
y = 4 @pn = VD)
$(4p2)(m2 +2mVm? + 1 + (m* + 1))

X =

= 5(4})2)@12 — Zm\/m + (m2 + 1))

= p2m* + 2mVm* + 1 + 1)
= p2m? = 2mVm? + 1 + 1).

Using the distance formula for
@p(m — Vm? + 1), p@m? — 2mVm® + 1 + 1))
and 2p(m + Vm? + 1),

p(m? + 2mVm? + 1 + 1)), we know that the

length of any focal chord is
= V(- x)?+ (2 - n)

= \/(4p Vm? + 1% + (dmpVm? + 1)

= \V(16m2p? + 16p7) + (16m*p? + 16m%p?)

= V16m*p? + 32m*p? + 16p%

The quantity under the radical sign is smallest when
m = 0. Thus the smallest focal chord has length
V16p® = [4p].

76. (a) For the parabola x> = 4py, the axis and directrix
intersect at the point (0, —p). Since the latus rectum is
perpendicular to the axis of symmetry, its slope is 0,
and from Exercise 65 we know the endpoints are

Copyright © 2015 Pearson Education, Inc.



Section 8.2 Circles and Ellipses 315

(—2p, p) and (2p, p). These points are symmetric
about the y-axis, so the distance from (—2p, p) to /{/_\
(0, —p) equals the distance from (2p, p) to (0, —p).
The slope of the line joining (0, —p) and (2p, p) is
—pP—p .
————— = —1 and the slope of the line joinin
0 - (—2p) P ] g
(0, —p) and (2p, p) is PP 1. So the lines are (3,91 by [-6,4]

0-2p
perpendicular, and we know that the three points
form a right triangle.

Answers may vary. In general, students should find that
the eccentricity is equal to the ratio of the distance
between foci over distance between vertices.

(b) By Exercise 64, the line passing through (2p P ) and 5. Example 1: The equations x = 3 cos ¢,y = 2 sin ¢ can be
(0, —p) must be tangent to the parabola; similarly for X y
(—2p, p) and (0, —p). rewritten as cost = 3 sint = > which using
2y
cos’t + sin’t =1 yields? = 1 or 4x% + 9y* = 36.
M Section 8.2 Circles and EII|pses Example 2: The equations x = 2 cost,y = V13 sint can
. X . y . .
i b tt t = —,sint = ——, which
Exploration 1 e rewritten as cos 5 sin ik which using
1. The equations x = —2 + 3 costand y = 5 + 7sin ¢ can be 2 2
. 2 2 _ . y x _
] x+2 ) y—>5 sin“t + cos“t = lyields- + — = 1.
rewritten as cost = andsint = ——. 13 4
7 Example 3: By rewriting x = 3 + 5 cos ¢,
Substituting these into the identity cos* ¢ + sin? ¢ = 1 ¥ —3 y+1
x+272 (y—5)2 y=-1+4sintascost = 5 ,sint = and
yields the equation + =1. ) 5 - . 4
9 49 using cos’t + sin’t = 1, we obtain
2 (=3 GrD?
25 16
Exploration 2
Answers will vary due to experimental error. The theoretical
answers are as follows.
[-17.5,12.5] by [-5,15] 2.a=9cm,b = V80 = 894 cm,c =1cm,e=1/9 = 011,
2 P b/a = 0.99.
3. Example 1: Since K} + 7 = 1, a parametric solution is 3.a=8cm,b=V60~775cm,c=2cm,e=1/4=025,
x =3costand y = 2sint. bja = 0.97;
X a=T7cm,b= V40 =~ 632cm,c = 3cm,e = 3/7 = 043,
P S S : o bja ~ 0.90;
Example 2: Since 3 + 1 1, a parametric solution is d=6cmb=\20~ 447 cm,c = dem,e = 2/3 ~ 067,
y = VI13sintand x = 2 cos t. b/a =~ 0.75.
o (x =32 (y+1)y . 4. The ratio b/a decreases slowly as e = c/a increases rapidly.
Example 3: Since ——— + ——-— = 1, a parametric The ratio b/a is the height-to-width ratio, which measures
solutionis x = 5cost + 3and y = 4sin¢ — 1. the shape of the ellipse—when b /a is close to 1, the ellipse
is nearly circular; when b/a is close to 0, the ellipse is
4. elongated. The eccentricity ratio e = ¢/a measures how

off-center the foci are — when e is close to 0, the foci are
near the center of the ellipse; when e is close to 1, the foci
are far from the center and near the vertices of the ellipse.
The foci must be extremely off-center for the ellipse to be
significantly elongated.

/f"_
N

Bkl

[—4.4]b S.
LA -]
a
[ |
K [-0.3, 1.5] by [0, 1.2]
(=6, 6] by [—4, 4] b _ @ —
a a
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316 Chapter 8 Analytic Geometry in Two and Three Dimensions

2 Section 8.2 Exercises
=Tz Lh=0k=00a=4b=\V7soc=VI6—7=3

-\Vi_ & Vertices: (4, 0), (—4, 0); Foci: (3, 0), (=3, 0)
22.h=0,k=0,a=5b=V2]l,s0c=V25—-21=2
Vertices: (0, 5), (0, =5); Foci: (0, 2), (0, —2)
3.n=0,k=0,a=6,b=3V3,50c=V36—27 =3
Vertices: (0, 6), (0, —6); Foci: (0, 3), (0, —3)
4. h=0,k=0,a=VIL,b=VTsoc=VII-7=2
[-0.3, 1.5] by [0, 1.2] Vertices: (V11, 0), (—V11, 0); Foci: (2, 0), (=2, 0)
2 )
QuickReview8.2 S.I+?=1.h:0,k:0,a:2,b:\/§,so
L V2 - (3)+@-(-2)= Vs +6 =Vl c=VE&-3=1
Vertices: (2, 0), (=2, 0); Foci: (1, 0), (—1,0
2 V(e = (3P + b - (~4) ey B0 Opfoet (10 (10
X
= V(a+ 3%+ (b + 4)? 6.54-?:1.h:O,k:0,a:3,b:2,s0
3. 4y% + 9x = 36,4y> = 36 — 9x%, =94 =15
[36 — 9.2 3 5 Vertices: (0, 3), (0, —3); Foci: (0, V3), (0, —V5)
y=+= 4 —j:Z\/4—x 7. (d)
4. 25x* + 36y* = 900, 36y? = 900 — 25x2, 8. (¢)
900 — 25x* 5. 3 9. (a)
YEE T 3 T Ee VO 10. (b)
5.3x +12 = (10 — V3x = 8)’ 1.
3x + 12 = 100 — 20V3x — 8 + 3x — 8 3
—-80 = —20V3x — 8 10;
4=13x—8 .
16 =3x — 8 -
3x =24 C
x =38 .
6. 6x + 12 = (1 + Vdx + 9)? C
6x +12=(1+2V4x + 9 + 4x + 9) E
2 +2=2V4x +9 i
x+1=Vix+9
X H2x+1=4x+9 12. y
X*-2x—-8=0 10+
(x—4)(x+2)=0 C
x=4 .
7.6x2 + 12 = (11 — Vox? + 1)? /—_\
6x* +12 =121 = 22V6x> + 1 + 632 + 1 k:—/m *
110 = 22V6x* + 1 -
6x* +1 =25 E
6x* —24=0 C
XX —4=0
x=2,x=-2 13
8. 2% + 8 = (8 — V32 + 4) ’ "
2% + 8= 64 — 16V/32% + 4 + 32 + 4 T
0=2x>—16V3x* + 4 + 60
X+ 60 = (16V3x% + 4) /I
x* + 12027 + 3600 = 256 (3x° + 4) S N R 1
x* — 648x* + 2576 = 0 \j
x=2,x=-2
32 15 3+ V15 i
9.2(x75) 77—0,50)6— 2 -

7
10. 2(x + 1)) =7 =0,50 x = —11\/;
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14.

15.

16.

17.

18.

19.

10
y
8+
|||(|_Tz)|||
- 4
y
2+
||||-||||||
6

Bl

[-9.4,9.4] by [-6.2, 6.2]

2
y=:|:§ V —x% + 36

ik
\J

[-11.75, 11.75] by [-8.1, 8.1]

y=42V-x*+16

=

[-4.7,4.7] by [-3.1, 3.1]

CRE

_ 1
Y 10 2

20.

21.

22.

23.

24.

25.

26.

217.

28.

29.

30.

31.

32.

33.

34.

Section 8.2 Circles and Ellipses 317

el I —

[-9, 17] by [-6, 6]

1 2
=—4+—V-x>+8x+
y 4i16 x 8x + 112

+ =
25 21

10
c=3mdb=51ﬂﬁoa=Vﬁ—cL=VE=4:

2 2
L
16 25
X2y

4+ - =
16 25

1

1

=132+ 2 =
@ =130, T 160 = !

The center (A, k) is (1, 2) (the midpoint of the axes); a
and b are half the lengths of the axes (4 and 6,

-1 2 -2 2
(-1 -2

16 36 L

respectively):

The center (A, k) is (=2, 2) (the midpoint of the axes); a

and b are half the lengths of the axes (2 and 5,

(2 (-2
4 25

The center (A, k) is (3, —4) (the midpoint of the major

axis); a = 3, half the lengths of the major axis. Since ¢ = 2

(half the distance between the foci),

T RV )

The center (A, k) is (=2, 3) (the midpoint of the major
axis); b = 4, half the lengths of the major axis. Since ¢ = 2
(half the distance between the foci),

+2)? -3y
a:vw—&=VQﬂxu)+°%6)=L

respectively): 1.
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318 Chapter 8 Analytic Geometry in Two and Three Dimensions

35. The center (A, k) is (3, —2) (the midpoint of the major
axis); a and b are half the lengths of the axes (3 and 5,
respectively):

(=3 (b +2y
9 25

36. The center (A, k) is (—1, 2) (the midpoint of the major

axis); a and b are half the lengths of the axes (4 and 3,

=1.

. (x+1)? (-2
ly): + = 1.
respectively) 16 9
S (x=h? (k)P
For #37-40, an ellipse with equation 3 + 5 =1
a b

has center (A, k), vertices (h + a, k), and foci (h + ¢, k)

where ¢ = Va2 — b~

Foci: (7,3 £ V17) = (7,1
40. Center (=2, 1); Vertices: (=2, 1 +
Foci: (—2,1 + 3) = (-2,-2), (-2

37. Center (—1, 2); Vertices (=1 + 5,2) = (=6, 2), (4, 2); Foci
(-1 £3,2) =(-4,2),(2,2).
38. Center (3, 5); Vertices: (3 £ V11,5) = (632,5),(—032,5);
Foci = (3 £2,5) = (5,5),(1,5).
39. Center (7, —3); Vertices: (7, =3 + 9) = (7, 6), (7,—-12);
(

9
12), (7.-7.12).
) 4)

41.

(S

[-8,8]b

x = 2cos

[-6,6]
= 5sint

- =
= <

k)

42.

B

[-6,10] by [-6, 5]

x=V30cost,y=2V5sint

43.

(

[-8,2] by [0, 10]

x=2V3cost—3,y=V5sint + 6

44.

D

[-3,7]by [-5,3]
x = V6cos(t) + 2,y = V15sin(t) — 1
For #45-48, complete the squares in x and y, then put in stan-

dard form. (The first one is done in detail; the others just
show the final form.)

45. 9x> + 4y® — 18x + 8y — 23 = 0 can be rewritten as
9(x* — 2x) + 4(y* + 2y) = 23.This is equivalent to
9(x* —2x + 1) +4(y* +2y +1) =23+ 9 + 4,0r
9(x — 1)2 + 4(y + 1)> = 36. Divide both sides by 36 to

—1)? + 1)
obtain (x , ) + O 9 ) = 1. Vertices: (1, —4) and
5
(1, 2), Foci: (1, =1 £V/5), Eccentricity: %
—2)? +3)?
46. (x 5 ) + o 3 ) = 1. Vertices: (2 +V/5,-3).

2 2
Foci: (2 +V2,—3), Eccentricity: % = \ﬂ

x +3)° -1y
47. ( 16 ) + 5l 5 ) = 1. Vertices: (=7, 1) and (1, 1).
7
Foci: (-3 +V/7, 1), Eccentricity: %
, by +8)y .
48. (x — 4)” + - 1. Vertices: (4, —10) and (4, —6).

3
Foci: (4, —8 +V/3), Eccentricity: %

49. The center (A, k) is (2, 3) (given); a and b are half the
lengths of the axes (4 and 3, respectively):
(-2 (-3
16 9
50. The center (h, k) is (—4,2) (given); a and b are half the
lengths of the axes (4 and 3, respectively):
(9 -2
16 9
51. Consider Figure 8.15(b); call the point (0, ¢) F}, and the
point (0, —c) F,. By the definition of an ellipse, any point
P (located at (x, y)) satisfies the equation
PF + PF2 = 2a thus, \/(x -0+ (y — ¢)?
FVE -0 + v+ e = Vol + (v = o
+ V2 + @ +o)P=2a
then Vx> + (y — ¢’ =2a — V3> + (y + ¢)?
+(y —c) =4 — 4aVx* + (y + ¢)?
+ X2+ (y + ¢)?
V2 —2cy + ¢t =4a> — daVx* + (y + ¢)?
+ ¥+ 2cy + 2
4aV'x* + (y + c)? = 4a® + 4cy
a\/x2+ (y+c)2:a2+cy
( + (y + ¢)?) = a* + 2d%cy + c}*
ax? +(a —c)y =d(a* - &)
2 4+ b2y = a® b?
x2 y2

?4‘;_1

=1.

=1.

52. Recall that e = gmeans thatc = ea,b = Va*> — ¢* and

a celestial object’s perihelion occurs at a — ¢ for Pluto,

¢ = ea = (0.2484)(5900) ~ 1456.56, so its perhelion is
5900 — 1456.56 = 4434.44 Gm. For Neptune,

¢ = ea = (0.0050)(4497) =~ 22.49, so its perihelion is
4497 — 22.49 = 447451 Gm. As a result of its high by
eccentric orbit, Pluto comes over 40 Gm closer to the Sun
than Neptune.
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53. Since the Moon is furthest from the Earth at 252,710
miles and closest at 221,463, we know that
2a = 252,710 + 221,463, or a = 237,086.5. Since
¢ + 221,463 = a, we know ¢ = 15,623.5 and
b=Va - = V(23708657 — (15623.5) ~ 236571

o e e caloutane o - € _ 136535~
rom ese,wecacuaeef0*237’086'5“’ R

The orbit of the Moon is very close to a circle, but still
takes the shape of an ellipse.

54. For Mercury, ¢ = ea = (0.2056)(57.9) ~ 11.90 Gm and its
perihelion a — ¢ = 57.9 — 11.90 ~ 46 Gm. Since the
diameter of the Sun is 1.392 Gm, Mercury gets within

1392

46 ~ 45.3 Gm of the Sun’s surface.

55. For Saturn, ¢ = ea = (0.0560)(1,427) ~ 79.9 Gm.
Saturn’s perihelion is a — ¢ = 1427 — 79.9 = 1347 Gm
and its aphelion is a + ¢ = 1427 + 79.9 = 1507 Gm.

56. Venus: ¢ = ea = (0.0068)(108.2) ~ 0.74, so

b = V(1082) — (0.74)> ~ 108.2.

2
X y

+ =1
11,707.24 ' 11,706.70

Mars: ¢ = ea = (0.0934)(227.9) ~ 21.29,so

b= V(22791)2 — (21.29) ~ 22691

2
x2 y

+ =1
51938 51,485

57. For sungrazers,a — ¢ = 1.5(1.392) = 2.088. The
eccentricity of their ellipses is very close to 1.

36.18 9.12
88.a="—"b=—"c=\Va* -V

2 2
36.18\? 9.12)\?
= J[==) - [==) = 1751 A
\/( 2 ) (2) 7.31 A,
17.51
thu567@~0.97.

59.a=8and b = 35,s0¢c = Va* — b* = V/51.75. Foci at
(+V/51.75,0) = (£7.19,0).
60. a = 13and b = 5,s0c = Va* — b* = 12. Place the

source and the patient at opposite foci — 12 in from the
center along the major axis.

61. Substitute y* = 4 — x? into the first equation:

X 4-x

-+ =1
4 9
9x* + 4(4 — x*) = 36
5x% =20
X =4
x=42,y=0

Solution: (-2, 0), (2, 0)
62. Substitute x = 3y — 3 into the first equation:

(3y—3)2 2
9 +y =1
V=2y+1+y’=1
22 =2y =0
2y(y - 1) =0
y=0o0ry=1
x=-3 x=0
Solution: (-3, 0), (0, 1)

Section 8.2 Circles and Ellipses 319

Inkerseckinn
H=1.03E4862 JV=- BEEEzEL
[

~47,47] by [-3.1,3.1]

63. (a)

Approximate solutions:
(£1.04, —0.86), (+1.37, 0.73)

) (j: 94 —2VI6l 1+ \/161)

8 ’ 16
(:t Vo4 +2V16el -1 + \/161)
8 ’ 16

64. One possibility: A circle is perfectly “centric”: It is an
ellipse with both foci at the center. As the foci move
off the center and toward the vertices, the ellipse
becomes more eccentric as measured by the ratio
e = c/a. In everyday life, we say a person is eccentric if
he or she deviates from the norm or central tendencies
of behavior.

65. False. The distanceisa — ¢ = a(1 — c¢/a) = a(1 — e).

66. True, because a®> = b* + ¢? in any ellipse.
22
6.5+ = Lsoc= V@ - P =VF-T =3

The answer is C.

68. The focal axis runs horizontally through (2, 3). The
answer is C.

69. Completing the square produces

(x =47 (y-3)
4 9

= 1. The answer is B.

70. The two foci are a distance 2¢ apart, and the sum of the
distances from each of the foci to a point on the ellipse is
2a.The answer is C.

71. (a) Whena = b =r, A = wab = 7rr = 7r* and

p e oofs - YO0 530
{3 V) 5 )

= 2mr (3 — 2) = 27r.

2 2
(b) One possibility: % + % = 1 with A = 127 and
2
P~ (21 — VI9S)r ~ 22.10, andlxE + y? = 1 with
A =107 and P = (33 — V403)m =~ 40.61.

72. (a) Answers will vary. See Chapter III: The Harmony of
Worlds in Cosmos by Carl Sagan, Random House,
1980.

(b) Drawings will vary. Kepler’s Second Law states that as
a planet moves in its orbit around the sun, the line
segment from the sun to the planet sweeps out equal
areas in equal times.
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73. (a) Graphing in parametric mode with Tstep = % A + Dx + % I Cy + Ey + 4Eé % " % _F
LD D? oL E L E?
X+ =x+— — —
m AT an YUY T e
C A

W/

[-4.7,4.7] by [-3.1, 3.1]

(b) The equations x(t) = 3 + cos(2¢t — 5) and y(¢) =
—2sin(2t — 5) can be rewritten as cos(2t — 5) = x — 3
and sin(2¢ — 5) = —y/2. Substituting these into the
identity cos?(2t — 5) + sin*(2t — 5) = 1 yields the
equation y*/4 + (x — 3)* = 1. This is the equation of
an ellipse with x = 3 as the focal axis. The center of
the ellipse is (3, 0) and the vertices are (3,2) and
(3, —2). The length of the major axis is 4 and the
length of the minor axis is 2.

74. (a) The equations x(¢) =5 + 3 Sin(m n %) and

y(t) = 3= cos(wt + g) can be rewritten as
y

in<t+z)—x_5nd (t-i—z)——
sin| 7 > 3 and cos| 7 > P

_— . . . ™
Substituting these into the identity cosz<7-rt + E) +

sinz(m + g) = 1 yields the equation

v (x =57 . . .
—— + ———— = 1. This is the equation of an ellipse.

76.

2 2
1 (D L E E F)
4A " ac
E 2
+ v
(x ) (y ZC)  CD? + AE? — 4ACF
A 4A*C?

4A%C?
( )~
LJe AE2 — 4ACF
E 2
+ P
(y 2C> =1

A
D \? E \?
2,1 i 2( + )
4AC(x ZA) 4ACY y e

CD® + AE? — 4ACF = CD? + AE. — 4ACF

Since AC = 0, A# 0 and C # 0 (we are not dividing by
zero). Further, AC = 0 = 4A?C = 0 and 4AC?> = 0
(either A = 0and C = 0,0or A = 0 and C = 0), so the
equation represents an ellipse.

2 — k\2
Rewrite the equation to (%) + (%) =0
Since that a # 0 and b # 0 (otherwise the equation is not
defined) we see that the only values of x, y that satisfy
the equation are (x, y) = (h, k). In this case, the degener-
ate ellipse is simply a single point (4, k). The semimajor
and semiminor axes both equal 0. See Figure 8.2.

x+—

M Section 8.3 Hyperbolas

972 9

Exploration 1
1. The equations x = —1 + 3/cost = —1 + 3 sect and

\/

[-8, 8] by [-10, 10]
(b) The pendulum begins its swing at = 0 so

x(0) =5 + 3sin (g

y = 1 + 2 tan ¢ can be rewritten as

X o
sect = and tan ¢ = yT Substituting these

into the identity sec’t — tan?t = 1 yields the equation

= 8 ft, which is the maximum (x + 1)2 O - 1)2 .
distance away from the detector. When ¢ = 1, 9 4 -
x(]) =5+3 sin(ﬂ' + g) = 2 ft, which is the 2.

minimum distance from the detector. When ¢ = 3, the
pendulum is back to the 8-ft position. As indicated in
the table, the maximum velocity (= 9.4 ft/sec) hap-
pens when the pendulum is at the halfway position
of 5 ft from the detector.

75. Write the equation in standard form by completing the

squares and then dividing by the constant on the right-
hand side.

il
N

[-9.4,9.4] by [-6.2, 6.2]

e

[-9.4,9.4] by [-6.2, 6.2]

T I ?;;;i 7 :,E‘:I; In Connected graphing mode, pseudo-asymptotes appear
! | 'sl:ﬂ 2o g:agﬁ because the grapher connects computed points by line seg-
£ 59271 | B.9535 ments regardless of whether this makes sense. Using Dot
E:: ;;i;;} E-EE‘;? mode with a small Tstep will produce the best graphs.
Ts!5 E SRRl SR 3. Example 1: x = 3/cos (), y = 2 tan (¢)

V5 Jcos (t)
Example 3: x = 3 + 5/cos (¢),y = —1 + 4 tan (¢)
Example 4: x = =2 + 3/cos (t),y = 5 + 7 tan (¢)

Example 2: x = 2 tan (t),y =
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4. 4x* — 9y* = 36

|

N
~ lxz
[-9.4,9.4] by [-6.2, 6.2]
2 2
LA S
5 4

[-9.4,9.4] by [-6.2, 6.2]

(x = 3)? (y+1)2_1
25 6

[7.4, 11.4] by [-6.2, 6.2]
(x+2° (-5 _

9 49 !

T . _—
[ —

[-20, 18] by [-8, 18]

5. Example 1: The equations x = 3/cost = 3 sect,

. X y .
y = 2 tant can be rewritten as sect = —, tant = =, which

3 2
2 y2
using the identity sec? r — tan®¢ = 1 yields 54" 1.
Example 2: The equations x = 2tant, y = V/5/cos t
. X Y
= V5 sec ¢ can be rewritten as tan ¢ = -, sect = ——,
2 V5
¥ ox
which using sec’ t — tan?t = 1 yields by 1.
Example 3: By rewriting x = 3 + 5/cos t,

x—3 y+ 1
y:—1+4tantassect:T,tant: 1 and
using sec’ t — tan? ¢t = 1, we obtain
(=3 GrD_,

25 6
Example 4: By rewriting x = -2 + 3/cos t,

+2 -

y=5+7tantassect=x ,tant=y and using

(x+27 (=57 _

1.
49

sec’t — tan’¢ = 1, we obtain

Section 8.3 Hyperbolas

Quick Review 8.3
1 V(=7 — 4% + (-8 — (—3))
= V(-11)2 + (-5)% = V146
2. V(b —a) + (c — (-3))
= V(b - a) + (c +3)

3.9)% — 162> = 144
9y? = 144 + 16x?

4 2
=+ Vx> +9
y 3 X

4. 4x% — 36y* = 144
36y = 4x* — 144

2
y:ig X2 — 36
1
y=j:§vx2—36

5. V3x +12 =10+ V3x — 8
3x + 12 =100 + 20V3x — 8 + 3x — 8

—80 = 20V3x — 8
—4 =V3x — 8. No solution.

6. Vix +12 =1+ Vx +8
4x +12=1+2Vx+8+ x + 8
3x +3=2Vx+38

9x? + 18x + 9 = 4x + 32
9x> + 14x — 23 =0

_ —14 + V196 — 4(9)(—23)

X

18
_ —14432
ST
23 23
x=1lorx = —?.Whenx = i

Vax +12 — Vx + 8

_fie o4 7
9 9 3 3 ’

The only solution is x = 1.

7. Vex2+12 =14+ Vex2 + 1

6x*+12=1+2V6x2+1+6x2+1

10 = 2V6x% + 1
25=6x2+1
6x2—24=0
¥—4=0
x=2,x=-2

8. V2xt + 12 = -8+ V3x* + 4
20 + 12 =64 — 16V3x* + 4 + 3x* + 4
2+ 56 =16V3x* + 4
x* + 112x2 + 3136 = 768x> + 1024
xt — 656x% + 2112 =0
x = {25.55, —25.55}. (The other solutions are
extraneous.)

16
9.C=a+2,(u+2)2—aQ=Ta,

16
a2+4a+4—a2=Ta,4a=12:a=3,c=5.

Copyright © 2015 Pearson Education, Inc.
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10.

25a
=a+1(a+1?—a="2
c=a ,(a ) a 12
25
a2+2a+1—a2:1—2”:a:12,c:13.

Section 8.3 Exercises

For #1-6, recall the Pythagorean relation that ¢? = 4> + b%
1.

12.

a=4,b=V71,c=V16 +7 = V23
Vertices: (4, 0); Foci: (+V23, 0).

.a=50>b=V21l,c= V25 + 21 = V4o,

Vertices: (0, £5); Foci: (0, +V46).

.a=6b=VI13,c= V36 + 13 =7,

Vertices: (0, £6); Foci: (0, £7).

.a=3,b=4c=V9+16 =5,

Vertices: (£3, 0); Foci: (5, 0).
2 2

- = la=2b= V3= VT,

4 3
Vertices: (2, 0); Foci: (£V7, 0).
2y

S-S =Tla=2b=3c= VI3
7 9 ] ,b =3¢ 3;

Vertices: (£2, 0); Foci: (£V13, 0).

. (¢)
. (b)
. (a)
10.
11.

(d)

Transverse axis from (=7, 0) to (7, 0); asymptotes:

= :tgx
y 7 b

y = :t%\/x2 — 49.

Transverse axis from (0, —8) to (0, 8); asymptotes:

.8
_ i3
Y=+

13. Transverse axis from (0, =5) to (0, 5); asymptotes:

—iéx
y Rl
y = i%\/x2 + 16.

14. Transverse axis from (=13, 0) to (13, 0); asymptotes:

12
Y= A5
12, />
y = iB\/x — 169.
y
15+

15. The center (h, k) is (=3, 1). Since a*> = 16 and b* = 4, we
have a = 4 and b = 2. The vertices are at (-3 +4, 1) or

(=7,1) and (1, 1).
y
4

N

16. The center (h, k) is (1, —3). Since a*> = 2 and b

4, we

have a = V2 and b = 2. The vertices are at (1+V2, —3).

Y

N/

6

X
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17. 2 y2
\ [ / 23.c=3anda=2,sob=\/czfa2=\@:?f§=l
y i
/ l \ 24.c=3andb=2,soa=\/cz—bZZ\G:I—?=1
25.c=15and b = 4,50a = V* — b* = V209:
[-18.8, 18.8] by [-12.4, 12.4] ¥y X2
y = 2V = 3 o209 1
18 26.c=5anda=3/2,sob=\/cz—a2=5\/91:
. X ¥ P
- - =lor———— =
225 2275 9/4  91/4
27.a=5andc = ea = 10,50 b = V100 — 25 = 5V3:
2y
[C18.8, 18.8] by [-12.4, 12.4] 25 75
28.a=4andc =ea = 6,s0b = V36 — 16 = 2V5:
y=+2Vx*+16 ) )
X

CARER S
19. 16 20
29.h=50a=\c - b =\V169 — 25 = 12:
DA S
/l\ 144 25

_ _ = — _ 2 = _
545 aTby 6267 30.c—6,a—e—3b VeE —a* = V36 -9 =3V3:

2
X2y

3 o2
y=E V-4 9 27

20 31. The center (A, k) is (2, 1) (the midpoint of the transverse
) axis endpoints); a = 2, half the length of the transverse
axis. And b = 3, half the length of the conjugate axis.

-1 (-2

- =1
4 9
32. The center (h, k) is (—1, 3) (the midpoint of the transverse

[-9.4,9.4] by [-6.2, 6.2] axis endpoints); a = 6, half the length of the transverse
axis. And b = 5, half the length of the conjugate axis.
4
y= 3V 40 (X+1)2_(y—3)2:1
36 25
21. 33. The center (A, k) is (2, 3) (the midpoint of the transverse
axis); a = 3, half the length of the transverse axis.
. 4 (x-2® (y-3)
=—b=4 - = 1.
Since |b/al 3 b 9 T
5
/ \\ 34. The center (h, k) is (—2, *), the midpoint of the
[-9.4,9.4] by [-3.2,9.2] 2
9
y=3+ 1, /542 — 20 transverse axis); a = > half the length of the transverse
2
4 27 (052 (x+2)
22. Si b b="": - =1
axis. Since la/bl = 3,b = " =gy 729/64

35. The center (A, k) is (=1, 2), the midpoint of the trans-
verse axis. a = 2, half the length of the transverse axis.

/ t\ The center-to-focus distance is ¢ = 3,s0 b = V¢? — &
x+ 1) - 2)
= \/5:( y _ oy 1.
[-11.4,7.4] by [-3.2,9.2] 4 5

3
y=3:|:5\/x2+4x+8
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324 Chapter 8 Analytic Geometry in Two and Three Dimensions

11
36. The center (A, k) is (—3, —7) the midpoint of the

7
transverse axis. b = > half the length of the transverse

. . . 11
axis. The center-to-focus distance is ¢ = > SO

(y + 5.5)2 (x + 3)2
/2 _ 12 _ /1. _ =
a=Vc b 18: 49/4 13 1

37. The center (h, k) is (=3, 6), the midpoint of the trans-
verse axis. a = 5, half the length of the transverse axis.
The center-to-focus distance ¢ = ea = 2 -5 = 10,

sob=\Vc—a = \/100—25:5%
-0 (+3
25 75

38. The center (A, k) is (1, —4), the midpoint of the trans-
verse axis. ¢ = 6, the center-to-focus distance

a:§=g=3,b=\/c2—a2=\/36—9=\/27
(x =17 (v +47

9 271

For #39-42, a hyperbola with equation

(x —h? (y— k)
a? b?

(h £ a, k),and foci (h + c, k) wherec = Va® + b
v Kk? (xR
a a v?
center (h, k), vertices (h, k + a), and foci (h, k £ c¢) where

again ¢ = Va* + b~

39. Center (-1, 2); Vertices: (=1 + 12,2) = (11, 2), (—13, 2);
Foci: (-1 + 13,2) = (12,2), (14, 2).

40. Center (—4, —6); Vertices: (—4 + 2V/3, —6);
Foci: (=4 £ 5,-6) = (1, -6), (-9, —6).

41. Center (2, —3); Vertices: (2,3 £+ 8) = (2,5), (2, —11);
Foci: (2,73 + V145).

42. Center (-5, 1); Vertices: (=5,1 + 5) = (=5, —4), (-5, 6);
Foci: (=5,1 + 6) = (=5, -5), (=5, 7).

43, . \|/ B

[-14.1, 14.1] by [-9.3,9.3]
y =5/cost,x = 2tant

4. i B

h )
] h

[-14.1, 14.1] by [-9.3,9.3]
x = V30/cost,y =2V5tan ¢

1.

= 1 has center (h, k) vertices

A hyperbola with equation =1 has

45.

[-12.4, 6.4] by [-0.2, 12.2]
x=-3+2V3/cost,y =6+ V5tant

46. . P

[-7.4,11.4] by [-7.2,5.2]
y=-1+ V15/cost,x =2 + Vb6 tant

47. \‘_/
N\

[-9.4,9.4] by [-5.2,7.2]

Divide the entire equation by 36. Vertices: (3, —2) and

13
(3,4), Foci: (3, 1£V13), ¢ = %

e

[-2.8,6.8] by [-7.1, 0]
Vertices: (%’ —4) and (%’ —4), Foci: (Zj:%, —4)

__vamwwum_2J9+4_Vﬁ
¢- 12 "N 3 3

For #49-50, complete the squares in x and y, then write the
equation in standard form. (The first one is done in detail; the
other shows just the final form.) As in the previous problems,
the values of 4, k, a, and b can be “read” from the equation
G (kP
T2 p?

= 1. The asymptotes are

b
y—k= j:g(x — h).If the x term is positive, the transverse

axis endpoints are (h+a, k); otherwise the endpoints are
(h, k£b).

1/
A\

[-9.4,9.4] by [-6.2, 6.2]
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9x? — 4y — 36x + 8y — 4 = 0 can be rewritten as
9(x*> — 4x) — 4(y* — 2y) = 4. This is equivalent to
9(x* —4x +4) —4(y* — 2y + 1) =4+ 36 — 4,0r
9(x — 2)2 — 4(y — 1)> = 36. Divide both sides by 36 to
(-2 -1y

obtain = 1. Vertices: (0, 1) and

4 9
V13

(4,1), Foci: (2+V13,1),e = -

50.
[-12.4,6.4] by [-5.2,7.2]
(-1 (+3°_ .
9 T 1. Vertices: (=3, —2) and
V34

(=3, 4), Foci: (=3,1+V34),e = =

51.a =2,(h k) = (0, g) and the hyperbola opens to the left
2 9 4
and right, so% — % = 1. Using (3, 2):1 - ? =1,
16 x2 5)%
2 _ _Ap2 SR2 — > _ DA

9b* — 16 = 4b°,5b° = 16, b 554 16 1.

52. a = V2, (h, k) = (0, 0) and the hyperbola opens upward
2 2

and downward, so y? - % = 1. Using (2, =2):

4 4 4 X2

S-S =l =LP =4 - =1

2 pr B b 2 4

53. Consider Figure 8.24(b). Label (0, ¢) as point F, label
(0, —c) as point F, and consider any point P(x, y) along
the hyperbola. By definition, PF; — PF, = +2a, with

c>a=0
V(X =072+ (y = (—0))* = V(x — 0> + (y — ¢)?
= +2a
Ve +(teol=142+Ve+(y—c)

X2+ Y+ 2y + & = dd?£4a VP + (y — o)
+ 2+ y* —2cy + &
+aVx2+ (y—c’=d—cy
@(x* + y* — 2cy + &) = a* — 2d’cy + %y
—PP + (& - AV = AP - @)

bzyz . R

2 2
A
a b
2
X
5. -y =
2
2 X
YTy
_ L
YT

56.

57.

Section 8.3 Hyperbolas 325

y
py.
111 IIII_X
i 4
2 2
yox
(b)9 16*0
) _ 9
T
_
4
y
pys
11 1 IIII_X
4

¢ — a =120, b* = 250a
E—d =P
(a + 120)* — a® = 250a
a* + 240a + 14,400 — @*> = 250a

10a = 14,400
a = 1440 Gm
1560 13
a = 1440Gm,b = 600Gm,c = 1560,6 = % = E

The Sun is centered at focus (¢, 0) = (1560, 0).
¢ — a = 140, > = 405a
F-ad =P
(a + 140)> — a® = 405a
@ + 280a + 19,600 — a* = 405a
125a = 19,600
a = 156.8 53
a = 156.8 Gm,b = 252 Gm, ¢ = 296.8 Gm, e = 8

The Sun is centered at focus (¢, 0) = (296.8, 0).

The Princess Ann is located at the intersection of two
hyperbolas: one with foci O and R, and the other with foci
O and Q. For the first of these, the center is (0, 40), so the
center-to-focus distance is ¢ = 40 mi. The transverse axis
length is 2b = (323.27 usec)(980 ft/usec) =

316,804.6 ft ~ 60 mi. Then a ~ V40> — 30> = V700 mi.
For the other hyperbola, ¢ = 100 mi, 2a = (646.53 usec)
(980 ft/usec) = 633599.4 ft ~ 120 mi, and

b ~ V100? — 60° = 80 mi. The two equations are therefore
(y — 40> &2 (x =100 »?

900 700 - 19T 56000 T 6400

1.
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326 Chapter 8 Analytic Geometry in Two and Three Dimensions

The intersection of the upper branch of the first hyperbola
and the right branch of the second hyperbola (found
graphically) is approximately (886.67, 1045.83). The ship is
located about 887 miles east and 1046 miles north of point
O — a bearing and distance of about 40.29° and 1371.11
miles, respectively.

58. The gun is located at the intersection of two hyperbolas:
one with foci A and B, and the other with foci B and C.
For the first of these, the center is (0, 2000), so the center-
to-focus distance is ¢ = 2000 mi. The transverse axis
length is 2b = (2 sec)(1100 ft/sec) = 2200 ft. Then

~ V2000% — 1100%> = 100279 ft. For the other
hyperbola, ¢ = 3500 ft,2a = (4 sec)(1100 ft/sec) =

4400 ft, and b =~ V3500% — 2200? = 100741 ft. The two

equations are therefore

(y — 2000)? X2
5 — =1 and
1100 2,790,000
(x — 3500)? v
22007 7,410,000

The intersection of the upper branch of the first hyperbola
and the right branch of the second hyperbola (found
graphically) is approximately (11,714.3,9792.5). The gun is
located about 11,714 ft (2.22 mi) east and 9793 ft
(1.85 mi) north of point B — a bearing and distance of
about 50.11° and 15,628.2 ft (2.89 mi), respectively.
2y
4 9
2V
=y =
Solve the second equation for x and substitute into the
first equation.

59.

2V3
X =— 3 y—2
2o -2
e N

2
6y(y—3\@):0
y=0ory=3V3

[-9.4,9.4] by [-6.2, 6.2]

Solutions: (=2, 0), (4,3V3)

60. Add:

x2

- 2=1
4 y

XX+y =9
5x7
— =10
4
=8
x = +2V2
¥+yP=9
8+y°=9
y= =1

i

[-9.4,9.4] by [-6.2, 6.2]

There are four solutions: (+2V?2, +1)

InttFSW
n=elzFoize 1¥=1.8100086

[-9.4,9.4] by [-6.2, 6.2]

61. (a)

There are four solutions: (+ 2.13, + 1.81).

29 21

(b) The exact solutions are ilO ol , +10 64
62. One possibility: Escape speed is the minimum speed

one object needs to achieve in order to break away
from the gravity of another object. For example, for a
NASA space probe to break away from the Earth’s
gravity it must meet or exceed the escape speed for
Earth vy = V2GM/r = 11,200 m/s. If this escape speed is
exceeded, the probe will follow a hyperbolic path.

63. True. The distanceisc¢ — a = a(c/a — 1) = a(e — 1).

64. True. For an ellipse, b*> + ¢* = a°.
2 2
65. xZ — yT = 1,50 ¢ = V4 + 1 and the foci are each V5

units away horizontally from (0, 0). The answer is B.
66. The focal axis passes horizontally through the center,
(=5, 6). The answer is E.

67. Completing the square twice, and dividing to obtain 1 on
the right, turns the equation into

(y +37 (x—2)
4 12

= 1. The answer is B.

68.a=2,b= \ﬁ, and the slopes are +b/a. The answer is C.
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69. (a—d)

S ——
RS
RIS
ARSI
G
tggg’mmggg}\
N2
RSO
KSR
KSSSKISAZA
SIS
[ S P

oo
<2
.’ ..

() a=3,c=5>b=4
¥*[9 — y?/16 = 1
70. Assume that the focus for the primary parabolic mirror

occurs at Fp and the foci for the hyperbolic mirror occur

at Fy; and F . Assume also that the x-axis extends from
the eye piece to the rightmost Fy;, and that the y-axis is
perpendicular through the x-axis 60 cm from the eye
piece. Then, the center (4, k) of the hyperbolic mirror is
(0, 0), the foci (£c, 0) = (£60, 0), and the vertices
(£a,0) = (£40, 0).
Since a = 40, ¢ = 60, b*> = ¢ — a* = 2000. The equation
S

1600 2000
71. From Section 8.2, Exercise 75, we have

Ax* + Cy? + Dx + Ey + F = 0 becomes

D \? F\?
4A C(x ZA) 4AC? y >C )
CD? + AE? — 4ACF  CD? + AE* — 4ACF

Since AC = 0 means that either (A = 0and C = 0) or
(A = 0and C = 0), either (44’C = 0 and 4AC* = 0),
or (4A*C = 0 and 4AC? = 0). In the equation above,

for the hyperbolic mirror is

that means that the + sign will become a (—) sign once
all the values A, B, C, D, E, and F are determined, which

is exactly the equation of the hyperbola. Note that if
A = 0 and C = 0, the equation becomes:

E\? D \?
Ny +— z ( +—)
4AC (y zc) [4A%C|( x 5

CD? + AE? — 4ACF  CD? + AE® — 4ACF
If A = 0and C = 0, the equation becomes:

D \? E\?
2 + = 2( +—)
4A C(x 5 ) [4AC( y 5C

CD> + AE? — 4ACF CD? + AE? — 4ACF

_ 2 — k\2
72. WithaiOandbiO,wehave(xah) :<y )

b
— -k
Then (x h) = <y >0r
a b

—h —k
<x p ) = f(yT) Solving these two equations,

Section 8.4 Quadratic Equations with xy Terms 327

73.

74.

75.

b
we find that y = i;(x — h) + k. The graph consists of

two intersecting slanted lines through (4, k). Its symmetry

is like that of a hyperbola. Figure 8.2 shows the relationship
between an ordinary hyperbola and two intersecting lines.

The asymptotes of the first hyperbola are

b
y = j:g (x — h) + k and the asymptotes of the second

b
hyperbola are y = ig (x — h) + k;they are the same.

[Note that in the second equation, the standard usage of
a + b has been revised.] The conjugate axis for hyperbola
1 is 2b, which is the same as the transverse axis for hyper-
bola 2. The conjugate axis for hyperbola 2 is 2a, which is
the same as the transzverse axis of hyperbola 1.
2
Y

77_7:1
Ca2 b?

When x =
2t — a2y2 = 2B
a2y2 — bZ(CZ _ aZ)

P=c— g
y = Ll
2
b2
=+—
Y a

b2
One possible answer: Draw the points (c, ;) and

32
(c, 7) on a copy of Figure 8.24(a). Clearly the points

b? .
(c, i;) on the hyperbola are the endpoints of a

segment perpendicular to the x-axis through the focus

(¢, 0). Since this is the definition of the focal width used
in the construction of a parabola, applying it to the hyper-
bola also makes sense.

Answers will vary. One possible explanation is:

The ends of the branches of a hyperbola approach an
asymptote, while the graph of parabolas do not approach
an asymptote.

B Section 8.4 Quadratic Equations with
Xy Terms

Exploration 1

1.
2. Points (—=1,—1) and (1, 1)
3.
4
5

6.

7.
8.

It is a hyperbola.

The origin (0, 0).

. The line y = x.
ANA - (D2 + A - (-D))P=V8=2V2

a

They are the asymptotes of the hyperbola.

Since the asymptotes lie on the diagonals of a square,

b=a=\V2
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9.c=Vad + = V(V22+ (V22 =2
10. Points (f\/, *\/i) and (\/i \6)

Quick Review 8.4

5
1. 20 = —
cos 26 3
8
2. 20 = —
cos 1
1
3. 20 = —
cos 2
2
4. 20 = —
cos 3
a a
5.20=—,s060 = —
277
6. 20 = sin’1<1> =7 s06="1
) 2 6’ 12
3 8 4
= 290 -1 == 29 _ 2 29—
7.cos260 =2cos°6 — 1 5,20056 5,cost9 5
2
cosf = ——
5
2 3 2 2 7
8. cos 26 = 2 cos 0—121,2005 6 = —, cos :g,
7 V7 Vi V2
cosfl =,/-=—=="—x—=
8 2V2 22 2
_ Vi4
4
5 1
9.c0529—17251n9—77251n 0—*6:
51n6—f:>sm9—1l :>s1n0—72
10 20=1-2 0 —2 0 §=> 6 i=>
. COS sin’ —53 sin? —53 sin’ _106
sin § = ——
V53

Section 8.4 Exercises

1. The center is at (0,0). The vertices are along the line y = x,

so xy = 4 becomes x> = 4,50 x = +2. The vertices

are at (£2, £2).a = V(22— 02+ (2 — 02 = 2V2.

Since the graph is also symmetricto y = —x,b = 2V2.
c=Va + b =V (2V2)?+ (2V2)? = 4, 50 the foci are
at (:tZ\@, iZ\/), because the solution to x> + x> = 42

is +2V/2.

2. The center is at (0,0). The vertices are along the line
y = —x,50 xy = —4 becomes x> = 4,50 x = +2.The

vertices are at (£2,%2).a = V/(2 — 0)2 + (=2 — 0)?
=2V/2. Since the graph is also symmetric to y = x,
b=2V2c=Va+ b =\V2V2?+ (2V2) =4,
so the foci are at (i2\/2, :FZ\/Z), because the solution
tox? + x2 = #is +2V2.

3. The center is at (0,0). The vertices are along the line y = x,

s0 5x> — 6xy + 5y% = 16 becomes x> = 4,50 x = +2.
The vertices are at (£2, £2).a = \/(2 - 02+ (2 -0)?
= 2V/2. Since the graph is also symmetric to y = —x,

10.

11.

12.

1

. xy = —4 becomes ( “

2
. 5x*> — 6xy + 5y* = 16 becomes 5(7 - 7)

2
. 5x% + 6xy + 5y° = 16 becomes 5(* - 7)

5x> — 6xy + 5y* = 16 becomes x> = 1,50 x = +1 and
( £ 1,¥1) are the endpoints of the semiminor axis so

b=V =072+ (-1-072=V2.c=Va - b
= V(@2V2)? - (V2)? = V6, the foci lie on the line y = x
and are at (+ \/5 i\/g), because the solution to

2+ = (Ve6)is £V3.

. The center is at (0,0). The vertices are along the line

y = —x,50 5x% — 6xy + 5y* = 16 becomes x> = 4,

so x = £2.The vertices are at (£2, F2).

a= \/(2 — 02+ (-2-0)= 2V/2. Since the graph is

also symmetric to y = x, 5x> — 6xy + 5y* = 16 becomes
= 1,s0 x = £1 and ( £ 1,¥1) are the endpoints of the

semiminor axis so b = \/(1 — 072+ (-1-0) = V2.
c=Va-pP=\ (2\/2)2 - (\/2)2 = V6, the foci lie
on the line y = —x and are at (+ \/5 :F\/g), because
the solution to x> + x* = (\/6)2 is £V/3.

xy = 4 becomes (\[ \v[)(% + %) = 4 which

simplifies to u? — v* = 8.

7_L><L+L>__4
V2 V2/)\V2 V2

which simplifies to v* — u? = 8.

v

V2T V2
(L7L>(i+—)+5(—+i)z 16
vz va)\va T ve) T\ T vz

which simplifies to u? + 4v* = 8.

wo(s =)+ va) (s v) -
vi - vi)\v2va) T \ve T va) T

which simplifies to 4u? + v* = 8.

y = usm(Tr) + vcos(£> =2 + \/57)
6 6 2 2
x = ucos(ﬁ) — vsin<z) =2_ V3u and
3 2 2
y = usin(l) + vcos(z) = V3u + E.
6 6 2 2
Given 6 = cos "!(3/5), cosf = 3/5 and sinf = 4/5.
X =ucosf — vsinfh = 3u_ ﬂ)and
5 5
4u 3w
y—usm0+vcos(9—?+?
Given 6 = tan 1(5/12), cos @ = 12/13 and sin# = 5/13.
x=ucos€—vs1n9—ul—5l nd
13 13
y=usinf + v cos@=5fu 1277;
13 13
3. Given cot20 = 4/3, cos20 = 4/5,30 cosf =, '%Z
%and sinf = 1 72(4/5) = \/1@
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14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

cosf — vsin6 Su Y and
X=u - = -
\/10 \/310
v
=usinf + vcosh =
g vio t o

Given cot26 = —7/24, cos20 = —7/25,

+ —
o cosg = JLF 725 3. 4
2 5
. 1= (=7/25) _ i
sinf = 72 =5

x—ucose—vsinﬂ—i—ﬂ) d
= =3 5 an
u 3o
= usinf + 0=—+—.
y = usin v COS 5 5

= ucos40’ — vsin40° = 0.766u — 0.643v and
= usin40° + vcos40° = 0.643u + 0.766v.

X
y
x =ucos70° — vsin70° = 0.342u — 0.940v and
y
X

usin70° + vcos70° = 0.940u + 0.342v.

=0.8u — 0.60 = 0.8(5) — 0.6(0) = 4 and y = 0.6u + 0.8v
= 0.6(5) + 0.8(0) = 3, so the point is (4, 3).
x=0.8u —0.60=0.8(4) — 0.6(2) =2 and y = 0.6u + 0.8v
= 0.6(4) + 0.8(2) = 4, so the point is (2, 4).
x =0.8u — 0.6v = 0.8(0) — 0.6(4) = —2.4 and y = 0.6u +
0.8v = 0.6(0) + 0.8(4) = 3.2, so the point is (—2.4, 3.2).
x = 0.8u — 0.60 = 0.8(0) — 0.6(—4) = 2.4 and
y = 0.6u + 0.8v = 0.6(0) + 0.8(—4) = —3.2,s0 the
point is (2.4,—3.2).
x = 0.8u — 0.6v = 0.8(5) — 0.6(0) =4 and y = 0.6u + 0.8v
= 0.6(5) + 0.8(0) = 3, so the point is (4, 3).
x =0.8u — 0.60 = 0.8(=5) — 0.6(0) = —4andy = 0.6u +
0.8v = 0.6(—5) + 0.8(0) = —3, so the point is (—4, —3).
x =0.8u — 0.60v=0.8(3) — 0.6(7) = —1.8 and y = 0.6u
+0.8v = 0.6(3) + 0.8(7) = 7.4, s0 the point is (—1.8, 7.4).
x = 0.8u —0.6v = 0.8(—4) — 0.6(6) = —6.8 and y = 0.6u
+ 0.8v = 0.6(—4) +0.8(6) = 2.4, so the point is (—6.8, 2.4).
x = 0.8u — 0.60v = 0.8(12) — 0.6(5) = 6.6 and y = 0.6u

+0.8v = 0.6(12) + 0.8(5) = 11.2, so the point is (6.6, 11.2).

x = 0.8u — 0.60 = 0.8(8) — 0.6(—2) = 7.6 and y = 0.6u
+ 0.8v = 0.6(8) + 0.8(—2) = 3.2, so the point is (7.6, 3.2).
A-C 0-0
cot (20) =T=T=O,so cos (26) = 0.
1+ (0 1 1-(0 1
cosf = 2()=72and sinf = 2()2%.
x=uc050—vsin9:L—Land
V2 V2
yzusin@-ﬁ-vcos@zi—%L.
2 2
A-C 0-0
cot (20) = 5 - 5 _ 0,s0 cos(20) =0
1+ .
cosf = (O):Land sinf = ! (O)ZL
2 2 2 2
x—ucose—vsin(?—i—iand
V2 V2
y=usin0+vcosB=L+L.
2 2

Section 8.4 Quadratic Equations with xy Terms

217.

28.

29.

30.

31

32.

329

A-C 1-1
cot (20) = B =f=0,socos(29)=0.
1+ (0 1 . 1-(0 1
cosfh = ()=7andsm0= ()=—.
2 V2 2 V2
x—ucosO—vsin0=L—Land
V2 V2
y—us1n9+vcosB—L+L
2 2
A-C 1-1
cot (26) = 5 - 3 - 0,s0 cos (20) = 0.
1+ 1 1- 1
cosfh = ©) = ——andsinf = ©) = —.
2 ) 2 V2
X cosf — vsinf u v and
=u _ -+ _ Y
V2 V2
. u v
y=usmf +vcos = — + ——.
2 2
A-C 1-1
cot (260) = B =_76=0,so cos (20) = 0
14+ (0 1 . 1-(0 1
cosf = ():7andsm0: ():7.
2 5 2 V2
. u v
X =ucosf —wvsin = ——= — ——=and
2 2
y =usinf + vcosh = LR
V2 V2
A-C 4-14
cot (20) = 3~ 3 = 0,s0 cos (20) =
1+ (0 1 1-(0 1
cosf = ()=7and sinf = ()=7
2 ) 2 V2
X =ucosf —vsinf = L—Land
V2 2
y =usinf + vcosh = LS
2 V2
A—C 1-3 1 1
cot (20) = = ,80 cos (260) = ——.
V3 V3 2
+
cosd = 1 (1/2) 1
2
g — /1—( 1/2) _ \f
2
3
x=ucos0—1}sm0—§—\€vand
= usinfh + vcosh = 3u+g
Y 2 2
A-C 2-3 1
t (20) = = = ’
cot (26) B V3 V3
1
so cos (20) = >
1+ (-1/2 1
cosf = %ziand
. 1-(-1/2) V3
0=—5"7" ="~
sin 5 >
x:ucose—vsinezﬁ—\@vand
2 2
. V3u v
y=usinf + vcosf = ) +5.
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- 0— (=7
A-C_ ( )*l,socos(ZO):l

33. cot(20) = B o Y 25
_Eapy 4 [T=p5) 3
cosf = 2 = 5andsme = 5 =5
= 0 — '0—4l—3l d
X = ucos vsing = — 5 an
—usin9+vc039—3l+4£
Y 5 5
A-C 4-(3) 7 7
34. cot(20) = B 2 —24,socos(29)—25.
1+ (=7/2 4
cosf = #:gand
. [1—(=7/25) 3
0= |—F7"—""=_.
sin > 5
= 0 — ine—ﬂ—ind
X = ucos Vs 5 52
sinf + vcos u+4v
=u I
Y 55
35. a. B?>—4AC =1%— 4(0)(0) =1 > 0 so it is a hyperbola.
A-C 0-0
b. cot(20) = B =T=O,socos(20)=0.
1+ 1 1- 1
cosf = 2(0) :fzand sin f = 2(0) :%.
x—ucosefvsin(?—LfLand
V2 V2
y=usin0+vcos€=%+%.80xy=8
becomes <% - %)(% + %) = 8 which
2 2
simplifies tOR 16 1.
c¢. Since a = +V16, the vertices are (—4, 0) and (4, 0).
u v 4 0
d x=—-—F>=—-—=-2V2and
TViTvivzovz o
—4 0
y:%—k—%:—z—k—z:—ZW,sotheverteX
is (—2V2, —2V?2)

u v 4 0
=——-——=——-——=2V2and
TVv2vav2 w2 an

4 0
y:%4‘%:%4—%:ZVZ,SOthCVGTtGXiS
(2V2,2V2).

36. a. B?>—4AC = 3% — 4(0)(0) = 9 > 0 so it is a hyperbola.
A-C 0-0
b. cot(20)=T=T=O,socos(20)=0.
1+0) 1 . 1-0 1
6= = ——andsinf = =—.
cos > \@an sin 2 3
xzucos()—vsinﬂz%—%and
yzusin@-i—vcos@z%-k%.

So2x? + V3xy + > — 0 becomes

10 =
u v u v
3l —=——F% )| =—= + —= | + 15 = 0 which
(\/Z \/Z)(\ﬁ \/Z) e
- v
simplifies tOE "0 1

C.

37. a.

38. a.

Since a = +V10, the vertices are (0,—V10) and

(0, V10).
_u v _i_*m_
TVETNVE VR v e
yZ%_%:%—gz—\@,sothevertex
is (V5, —V/53)
_uw v _ 0 VIO _
SRV IRV, RV, A, B

0 Vio

= /5, so the vertex is

S
S|
S
S

B? — 4AC = (V3)? — 4(2)(1) = =5 < 0so it is an
ellipse.

A 1
cot (20) = B ? = W’
V3

1+ (1/2 3
cosf = 72(/)= > and
. 1-az 1
sinf = 5 5

V3u v

— Eand

Vau

—

1
so cos (20) = >

X =ucosf —vsinf =

2
. u
y=usinf + vcosf = 5 +
\/§u)2
+
2

.So3xy + 15
\@u)
2

2
) — 10 which simplifies

becomes 2(—; +

(o)< (

w v’

St =1
RVIRIPY;
Since b = +V/20, the vertices are (0, —2V/5) and

(0,2V5).

v
—
\/3( g
\/f” + 10

N

x:\/2§”_§=\/§2(0)—_22\f5=\@and
ooty V0 YD) s o the
vertex is (V53, —V15).
x:\/;”_g:\/g;o)—zzﬂz—\@and

so the vertex is (—V/5, V15).
B? — 4AC =1% - 4(1)(1) = =3 < 0'so it is an ellipse.

hN
a
—

- -1
cot (20) = = ——— = 0,s0cos (20) = 0.

>~

1+ (0)

cosfh =
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39. a.

40. a.

So x* + xy + y* = 3 becomes

(-3 ()

2
(€%+<%)+<;§+;5>=3wmmgmmm%m
w0
—+ =1

2 6 !
Since b = +V6, the vertices are (0,—V6) and (0,V6)
u v 0 -V6
=——-——=——-—=—="V3and
TV vz vz w2 an
0 -V6
:%+%:7+7\/\g:—\[,sothevertex
is (V3, —=V3).
u v 0 V6
= — — = — — —— = —-\/3and
* 2 V2 2 V2 an
y %+%*%+7§ V3, 50 the vertex is
(_\/§7\/§)
B? — 4AC = 24* — 4(9)(16) = 0 so it is a parabola.
A-C 9-16 7 7
cot (26) = B - - % cos(26)——g.
_ 14+ (=7/25) _ 3
cos f AT 5and
.o 1 =(=7/25) _ 4
sin 0 5, ~ 5
= cosG—vsinO*f—ﬂand
X=u 5 5
—usin9+vcosf)—l 3v
Y 5 5

So 9x% + 24xy + 16y* + 20x — 15y + 75 = 0 becomes

(-3 ()

2
u v
—+ — —— + ——= | = 3 which simplifies
(\f \f) (\f \f) P
tov = u* + 3.
The vertex is (0, 3).
_3u 4 _300) 43) _
x—S 5 T s s = 2.4 and
du 3w 40) 305 .
e !
5 5 5 5 1.6, so the vertex is
(—24,1.6).

B? - 4AC = (—24)* — 4(9)(16) = 0 so it is a parabola.

A - —16 7 7
€9 —,s0 cos (20) = —

cot (20) = = o0
JT?ﬁﬁﬁ efJTfﬁﬁﬁ
4u
X =ucosh — vsinfh = 5T ?and
y =usinf + vcosh = 3u + ﬂ)
5 5

So 9x% — 24xy + 16y*> — 20x — 15y = 50 becomes
(L_L)2+ (L_L)(L+7)
V2 V2 V2 V2)\Vv2 V2

2
u v
—— + —— | = 3 which simplifies to u = v* — 2.
(\/ \f) P

Section 8.4 Quadratic Equations with xy Terms

41.

42.

43.
4.
45.
46.

331

c. The vertex is (-2, 0).

4u  3v  4(=2) 3(0)

d. x:?—?:T—?:—lband
3(—
5 5 5 5

so the vertex is (—1.6, —1.2).
x =ucos(—60) — vsin (—60) = ucosf + vsinf and
y = usin(—6) + vcos(—6) = —usin6 + vcosb.

u =xcosh + ysinfand v = —xsinf + ycosé ,since
you need to rotate through an angle of — 6 to undo the
effect of a rotation through an angle of 6.

B? — 4AC = 16 — 4(1)(10) = —24 < 0;
B> — 4AC = 16 — 4(1)(0) = 16 > 0; hyperbola
B? — 4AC = 36 — 4(9)(1

B> —4AC =1 - 4(0)(3) =1 >0, hyperbola

ellipse

) = 0; parabola

47. B> — 4AC =16 — 4(8)(2) = —48 < 0; ellipse

48. B> — 4AC = 144 — 4(3)(4) = 96 > 0; hyperbola
49. B> — 4AC = 0 — 4(1)(-3) = 12 > 0; hyperbola

50. B2 — 4AC =16 — 4(5)(3) = —44 < 0; ellipse

51. B2 — 4AC = 4 — 4(4)(1) = —12 < 0; ellipse

52. B> — 4AC =16 — 4(6)(9) = —200 < 0; ellipse

53. Since y* + 4x? cannot be negative, there are no points

54.

56.

57.

58.

59.

60.

61.

62.

that make the equation true, so the answer is D.

y2—4x2:O
y2:4)€2
y=-2xory=2x

Since the equations represent two intersecting lines, the
answer is B.

LY+ 4x2 =0

V= —4x?
The equation is only true for (0, 0) , so the answer is A.
VY —4=0
yi=4
y=-2o0ry=2
Since the equations represent parallel vertical lines,
the answer is C.

True. The xy term is missing and so the rotation angle « is
zero.

True. Because the x* and y” terms have the same coefficient
(namely, 1), completing the square to put the equation in
standard form will produce the same denominator under
(y — k)? as under (x — h)%

The shape of the hyperbola will not change when rotated.
The answer is D.

Moving the center or vertex to the origin is done through
translation, not rotation. The answer is C.
(y —2x+4?2=0
y—2x+4=0
y=2x —4
This is the equation of a single line, so the answer is D.
The equation is equivalent to y = 4/x. The answer is E.
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332 Chapter 8 Analytic Geometry in Two and Three Dimensions

63.

64.

65.

The asymptote with slope 1 in the (x, y) system forms an

T . .
angle of 1 with the x-axis. After the axes are rotated

through an angle of %, the same asymptote makes and

aw K a

angle of 1 6 12 with the u-axis. The new slope will
™ V6 — V2
be tan| — | = ———~= =~ 0.268. The second asymptote,
(12) V6 + V2 ymp
which is perpendicular to the first, must therefore have
V6 + V2
slope —————~ ~ —3.732.
PETVE - V2
(a) If the translationon x’ = x — hand y’' =y — kis

applied to the equation, we have:

A(X')? + Bx'y' + C(y')*+ Dx' + Ey' + F =0,
so A(x — h)> + B(x — h)(y — k) + C(y — k)?

+ D(x — h) + E(y — k) + F = 0, which becomes
Ax* + Bxy + Cy* + (D — Bk — 2Ah)x +

(E — 2ck — Bh)y + (Ah* + Ck* — Ek — Dh)

+ Bhk + F = 0.

The discriminants are exactly the same; the coeffi-
cients of the x?, xy, and y* terms do not change (no
sign change).

(b) If the equation is multiplied by some constant k, we
have kAx* + kBxy + kCy* + kD + kE + kF = 0,
so the discriminant of the new equation becomes
(kB)* — 4(kA)(KC) = k*B* — 4k*AC = k*(B* —
4AC). Since k* > 0 for k # 0, no sign change occurs.

First, consider the linear terms:

Dx + Ey = D(ucos a — v sin a)

+ E(usina + vcos a)
= (Dcosa + Esina)u
+ (E cos a — D sin a)v.

This shows that Dx + Ey = D'u + E'v, where
D' =Dcosa + Esinaand E' = Ecosa — Dsina.
Now, consider the quadratic terms:
Ax* + Bxy + Cy*> = A(ucos a — vsin a)® +
B(ucosa —vsina)(usina + vcosa) +
C(usin a + v cos a)?
= A(u? cos® @ — 2uwv cos a sin a + v* sin® @)
+ B(u?cos a sin a + uv cos’ @ — uv sin’
— v?sin @ cos @) + C(u* sin® a + 2uw sin a cos a
+ % cos? a)
= (Acos’ @ + B cos asina + C sin® a)u
+ [B(cos* @ — sin® @)
+ 2(C — A)(sin « cos a) Juv
+ (Ccos> a — Bcos asina + A sin® a)v
= (Acos’ @ + B cos asin a + C sin® a)u?
+ [Bcos2a + (C — A) sin 2a]uv
+ (C cos’ @ — Bcos asin a + A sin® a)v?,
This shows that
Ax? + Bxy + Cy* = A'u®> + B'uv + C'v*, where
A" = Acos’a + Bcosasina + Csin® a,
B’ = Bcos2a + (C — A)sin2a,and C’ = C cos’a — B
cos asin @ + A sin® a.

2

2

The results above imply that if the formulas for A’, B’,
C', D', and F’ are applied, then A'u®> + B'uv + C'v*
+ D'u + E'v + F' = 0is equivalent to Ax* + Bxy
+Cy*+ Dx+ Ey + F=0.

Therefore, the formulas are correct.

66. This equation is simply a special case of the equation we

have used throughout the chapter, where B = 0. The
discriminant B> — 4AC, then, reduces simply to —4AC.
If -4AC > 0, we have a hyperbola; —4AC = 0, we have
a parabola; —4AC < 0, we have an ellipse. More simply:
a hyperbola if AC < 0; a parabola if AC = 0; an ellipse
if AC > 0.

. Making the substitutions x = x'cos « — y'sin @ and

y = x'sin @ + y’cos a, we find that:
B'x'y’ = (Bcos*a — Bsin®a + 2C sin a cos a
— 2Asin a cos a)x'y’

Ax* = (Acos’ @ + Bsinacos a + C sin® a)(x')?
Cy”? = (Asin’> @ + C cos> @ — B cos a sin @)(y')?
B? — 4A'C" = (Bcos (2a) — (A — C)sin (2a))?

— 4(A cos* @ + Bsin acos a + C sin’ a)
(Asin’a — Bsinacos a + C cos’ a)

1 1
=3 B? cos (4a) + > B? + BC sin (4a) — BAssin (4a)

1 1
+5C2—§C2cos (4a) — CA + CA cos (4a)

1 1 1 1
+ - A2~ ~ A’cos (4 —4(7A 2a) + 2 A

> > cos (4a) > cos (2a) >
+1Bs'n(2 )+1C 1Ccos(2 )>

2 Bsi 1o 2

2 A R “

1 1 1 1
—A- = + = + =
(2A 2Acos Ca) 2Ccos (2a) 2C

1.
- EB sin (2a)>

1 1
= EBZ cos (4a) + EBZ + BC sin (4a) — BA sin (4a)

1

+-C -
2
1

— EAZ cos (4a) — BC sin (4a) + BA sin (4a) — 3AC
1, 1 1 1 1

——C— ~ A+~ Alcos (4a) + — B> — = B cos (4
2C > > cos (4ar) > > cos (4ar)
1

+ ECZ cos (4a) — AC cos (4a)

= B? — 4AC.

1 1
ECzcos (4a) — CA + CAcos (4a) + 5142

68. When the rotation is made to the (x', y') coordinate

system, the coefficients A’, B, C', D', E’, and F' become:
A B
A" = — (1 + cos 2a) + Esin (2a)

2
C
+5(1 — cos (2a))
B’ = Bcos (2a) — (A — C) sin (2a)
A B
C'=— (1 - cos (2a)) — — sin (2a)
2 2
C
+E(cos (2a) + 1)
D" =Dcosa + Esina
E'=—-Dsina + Ecos «
F'=F.

(a) Since F' = F, F is invariant under rotation.
A
(b) Since A" + C' = > [1 + cos (2a) + 1 — cos (2a)]
B C
+ > [sin (2a) — sin (2a)] + 5 [1 — cos (2a)

+ cos (2a) + 1] = A + C, A + C is invariant under
rotation.
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(¢) Since D'* + E"> = (D cos a + E sin a)?
+ (=D sin a + E cos a)?
= D?cos’ a + 2DE cos asin a + E*sin’
+ D?sin’> @ — 2DE cos a sin a + E? cos®
= D? (cos’ a + sin® &) + E? (sin® a + cos® a)
= D? + E? D? + E?is invariant under rotation.

69. Intersecting lines: x> + xy = 0 can be rewritten as x = 0
(the y-axis) and y = —x.

[-4.7,4.7] by [-3.1, 3.1]

A plane containing the axis of a cone intersects the cone.

Parallel lines: x> = 4 can be rewritten as x = +2 (a pair
of vertical lines).

[-4.7,4.7] by [-3.1, 3.1]

A degenerate cone is created by a generator that is
parallel to the axis, producing a cylinder. A plane parallel
to a generator of the cylinder intersects the cylinder and
its interior.

One line: y* = 0 can be rewritten as y = 0 (the x-axis).

[4.7,4.7] by [-3.1, 3.1]

A plane containing a generator of a cone intersects the
cone.

No graph: x> = —1

[-4.7,4.7] by [-3.1, 3.1]

A plane parallel to a generator of a cylinder fails to
intersect the cylinder.

Section 8.5 Polar Equations of Conics 333

Circle: x> + y* =9

1
\ |/

[-4.7,4.7] by [-3.1, 3.1]

A plane perpendicular to the axis of a cone intersects the
cone but not its vertex.

Point: x? + y* = 0, the point (0, 0).

|

[-4.7,4.7] by [-3.1, 3.1]

A plane perpendicular to the axis of a cone intersects the
vertex of the cone.
No graph: x* + y? = —1

|
|

[-4.7,4.7] by [-3.1, 3.1]

A degenerate cone is created by a generator that is per-

pendicular to the axis, producing a plane. A second plane
perpendicular to the axis of this degenerate cone fails to
intersect it.

M Section 8.5 Polar Equations of Conics

Exploration 1

For e = 0.7 and e = 0.8, an ellipse; for e = 1, a parabola; for
e = 1.5 and e = 3, a hyperbola.

[~12,24] by [-12, 12]
The five graphs all have a common focus, the pole (0, 0),
and a common directrix, the line x = 3. As the eccentricity
e increases, the graphs move away from the focus and
toward the directrix.

Quick Review 8.5
1.r=-3
2.r=2
3.0 = %T or —5%
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5
4. 6 = —%org

5.h=0,k=0,4p = 16,s0p = 4

The focus is (0, 4) and the directrix is y = —4.
6. h=0,k=04p=-12,s0p =-3

The focus is (=3, 0) and the directrix is x = 3.

7.a =3,b=2,c = V5; Foci: (£ V5, 0); Vertices: (£3, 0).
8. a = 5,b = 3, ¢ = 4;Foci: (0, +4); Vertices: (0, £5).
9. a=4,b =3, c = 5;Foci: (£5, 0); Vertices: (4, 0).

10. a = 6,b = 2, ¢ = 2V10; Foci: (0, £2V10);
Vertices: (0, £6).

Section 8.5 Exercises

2
1Lr=——— la.
r=q1z cos 0 a parabola

-

[~10,20] by [~10, 10]

5 20
2.r = — a hyperbola.

5 4+5cos(-)
1+ Z cos 0

INAS
/N

[—20, 40] by [—20, 20]

12
5 12 .
3.r= (3) TS 3sng an ellipse.
1+ (- )sin6
5
[-7.5,7.5] by [-7, 3]
4. r = 2 a parabola
) 1+ sin6 P .

7N

[-6, 6] by [-6, 2]

7
3 7
S5.r= (7) T3 7sing a hyperbola.
1—1{]sind
3
[=5,5] by [-4,2]
10
3 10
6. r = = — an ellipse.

2 3 —2cos6
1- 5 cos 6

(I
N

[-4,11] by [-5,5]

7. Parabola with e = 1 and directrix x = 2.
8. Hyperbola with e = 2 and directrix x = 3.
9. Divide numerator and denominator by 2.

Parabola with e = 1 and directrix y = —% = —-25.
10. Divide numerator and denominator by 4.
Ellipse with e = i = 0.25 and directrix x = —2.
11. Divide numerator and denominator by 6.
Ellipse with e = %and directrix y = 4.
12. Divide numerator and denominator by 2.
Hyperbola with e = % = 3.5 and directrix y = —6.
13. Divide numerator and denominator by 5.
Ellipse with e = % = 0.4 and directrix x = 3.
14. Divide numerator and denominator by 2.
Hyperbola with e = % = 2.5 and directrix y = 4.
15. (b) [—15,5] by [—10, 10]
16. (d) [-5, 5] by [-3, 3]
17. (f) [-5,5] by [-3, 3]
18. (e) [-5,5] by [-3,5]
19. (¢) [—10, 10] by [—5, 10]
20. (a) [-3,3] by [-6, 6]
ep

For #21-28, one must solve two equations a = 1+ and
e
b= 1 f]e for e and p (given two constants a and b). The
b—a 2ab
1 solution to thisise = ——and p = .
general solution to thisis e = 5 —— and p = 7—
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21.

22.

23.

24.

25.

26.

The directrix must be x = p = 0, since the right major-
axis endpoint is closer to (0, 0) than the left one, so the
ep
1+ ecosd

_ep _ ep 3 ep
l+ecosO 1+ eand6 1+ ecos
ep 3
=7 (soa = 1.5 and b = 6). Therefore e = 5= 0.6
—e
2.4 B 12
1+ (3/5)cosf 5+ 3cosb

equation has the form r = Then

15

and p = 4,s0r =

The directrix must be x = —p =< 0, since the left major-
axis endpoint is closer to (0, 0) than the right one, so the
ep
1—ecosb

ep ep ep
" 1-ecos0 1 _eandl T 1-ecosw
ep

1
= (soa =1and b = 1.5). Therefore e = — = 0.2
1+e 5

equation has the form r = Then

1.5

and p = 6 (the directrix is x = —6), so
_ 1.2 _ 6
1—-(1/5)cos 5 —cosb
The directrix must be y = p = 0, since the upper major-
axis endpoint is closer to (0, 0) than the lower one, so the
e
equation has the form r = 717. Then
1+ ecos 6
ep ep ep
1= = d3=—— 2
T+esin(m2) l+e ot 1 + esin (37/2)
ep 1
1 _. (soa = 1and b = 3). Therefore ¢ = 5= 0.5
1.5 _ 3
1+ (1/2)sin6 2 +sinf’

r

and p = 3,s0r =

The directrix must be y = —p = 0, since the lower major-
axis endpoint is closer to (0, 0) than the upper one, so the
e
equation has the form r = P . Then
1 —ecosf
ep ep 3 ep
= - = and _—
1—esin(m/2) 1-—e 4 1 - esin(37/2)
ep

3 3
=T e (soa = Zandb = 3). Therefore e = 5= 0.6

3

and p = 2 (the directrixis y = —2),so
_ 12 B 6
1—(3/5)sinf 5 — 3sinf’

r

The directrix must be x = p = 0, since both transverse-
axis endpoints have positive x-coordinates, so the
e
equation has the form r = 71). Then
1+ ecosf
ep ep ep
= = d-15 =
1+ ecosO 1+ean 1+ecos'n'3
e
=7 P (soa = 3 and b = —15). Therefore e = )
—e
7.5 15
=15and p = 5,s0r = = .
p 1+ (3/2)cos® 2+ 3cosb
The directrix must be x = —p = 0, since both transverse-
axis endpoints have negative x-coordinates, so the
e
equation has the form r = 71). Then
1 —ecosf

27.

28.

29.

30.

31.
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ep ep ep
-3 = = dis=—"7"—"—
1 —ecosO 1iean 1 —ecosm
e
- P (soa = 1.5 and b = —3). Therefore e = 3
1+e
and p = 2 (the directrix is x = =2),sor = B
p ’ 1—-3cosf’
The directrix must be y = p = 0, since both transverse-
axis endpoints have positive y-coordinates, so the
e
equation has the form r = S .Then 2.4
1+ ecos
e e e
- b P_and-12 = b

1+ esin(7/2) Tlte 1 + esin (37/2)
e 3
L (soa = 2.4 and b = —12). Therefore ¢ = >

1-—e

6 12

=15and p =4 = = .
MEP = HSOT =17 3/2)sing 2 + 3sin6

The directrix must be y = —p =< 0, since both transverse-
axis endpoints have negative y-coordinates, so the

e
equation has the form r = L . Then

1 —ecosf
e e e

—6 P P and 2 = P

T 1-—esin(m/2) l-e " 1= esin 37/2)

e
- P (soa = 2and b = —6). Therefore e = 2
1+e

6
d p = 3 (the directrixis y = —3 =—.
and p (the directrix is y ),so0r 1~ 2sine
The directrix must be x = p = 0, so the equation has the
e e e
formr = ——2— Then 075 = —F—— = P
1+ ecosf 1+ecos0O 1+e
ep ep
and 3 = = (soa = 0.75and b = 3).
1+ecosm 1-—e

1.2

3
Therefore e = 5 = 0.6and p = 2,507 = 1+ (3/5)cos @

_ 6
5+ 3cosf’
Since this is a parabola,e = 1, and with y = p = 0 as the
directrix, the equation has the form r = L . Then
1+ sinf

L= P _r
1+sin(w/2) 1+71

. Alternatively, for a parabola, the distance

p = 2, and therefore

r=_—Q""
1+ sin6
from the focus to the vertex is the same as the distance

from the vertex to the directrix (the same is true for all
points on the parabola). This distance is 1 unit, so we
again conclude that the directrix is y = 2.

21 42

T 5-2cos® 1—04cosh
are (7,0) and (3, 7),s0 2a = 10,a = 5,¢c = ae

= (04)(5) = 2,s0b = Va - & =V25-4=\2L.

.

[—6,14] by [-7, 6]
e=04a=5b=V21,c=2

r ,s0 e = 0.4. The vertices
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= 1 = 11/6 soe = § The vertices
6 —35sing 1—(5/6)sin@’ 6

are (11,%) and (1,3777),50 2a = 12,a = 6.

5
c=ae=g-6=5,so

= V& - =V3-25=VI1l.

32.r

[~11,10] by [-2, 12]

ezé,a=6,b= Vi1l,c =5

6
24 6 1
= = . The verti
44+ 2sing 1+ (1/2)sin O’SO ¢ 2 ¢ vertices

33.r=

3
are (4, %) and (12, %),so 2a = 16,a = 8.¢c = ae

1
=5-8=4,sob=\/az—c2=\/64—16=4\@.

2

[~13,14] by [-13, 5]
1
e=—,a=8b=4V3c=4

2
16 16/5 3
= = Z.Th
5+3cosf 1+ (3/5)C050,soe 50
vertices are (2,0) and (8, 7),s02a = 10,a = 5,¢ = ae

=5(§)=3,sob=\/a2—c2=\/25—9=4.

34.r =

5
[-10,5] by [-5, 5]
e=06,a=5b=4c=3
16 16/3 5
35.r = / e = —.The

3+50050:1+(5/3)0050’SO 3
vertices are (2,0) and (=8, 7),s02a = 6,a = 3,c = ae

=§-3=5andb=\/c2—a2=\/25—9=4.

36.

37.

38.

39.

40.

41.

12 . T
r fm,soe = 5.The vertices are< 3, 2)and
37 1 1 5
o da=1la=—c= = §5.- ==
(, 2),50 a ,a 20 ae =5 > 2and

25 1 2V6
b: CZ—azz T—ZZT:'\/E'
E{
e il

[—4,4] by [-4,0]
1 5
2

,b=V6,c ==

=5a=
e ,a >

_ 4 _ 2 “©
2—-sinf 1-(1/2)sin6

1
r e=3 (an ellipse).

43
The vertices are (4, E) and (* l) and the conic is

2 32
symmetric around x = 0,so x = 0 is the semi-major axis
16 8 1 8 4
and 2a = ?,Soa = g.c =ea = 55 = gand
8?2 4\*> 4V3
b=Va - = (5) - (5) = T\f The center

(h, k) = <0’13£ - g) = <O, g) The equation for the

ellipse is

Yo X8
(g) M3 64 16

3
. 6
1+ 2cos@’
(2,0) and (—6, ) and the function is symmetric about
the x-axis, so the semi-major axis runs along x = 0.
2a = 4,a=2,s0c = ea = 2(2) = 4 and
b=V - a=\16 — 4 = 2V/3. The vertex
(h, k) = (4,0). The equation of the hyperbola is

e N N
22 (2V3)? 4 2
4 2 2
= = —landk == = 2.
2 —2cos 6 1—0050’806 an e

Since k = 2p, p = 1 and 4p = 4, the vertex (h, k) =
(-1, 0) and the parabola opens to the right, so the equa-
tion is y* = 4(x + 1).
12 4 4

= = =landk =—=4.

3+3cosf 1+coso ¢ an e
Since k = 2p, p = 2 and 4p = 8, the vertex (h, k) =
(2, 0) and the parabola opens to the left, so the equation
is y* = —8(x — 2).
Setting e = 0.97 and a = 18.09 AU,

~18.09(1 — 0.97%)

© 1+097cosf

=1.

so e = 2 (a hyperbola). The vertices are

r

r
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42.

43.

44.

45.

46.

47.

48.

49.

50.

51

The perihelion of Halley’s Comet is

_1809(1 - 097%) 054 AU
o 1+097 7 '

The aphelion of Halley’s Comet is
_18.09(1 — 0.97%)
o 1-097

Setting e = 0.0461 and a = 19.18,
1918 (1 — 0.0461°%)

1+ 0.0461 cos O
19.18 (1 — 0.0461%)

r ~ 35.64 AU.

Uranus’ perihelion is 1+ 0.0461 ~ 18.30 AU.
U + wohelion js 12180~ 0.0461%) 20.06 AU
ranus’ aphelion is 1 = 00461 ~ 20. s

(a) The total radius of the orbit is r = 250 + 1740 =
1990 km = 1,990,000 m. Then v ~ V2,406,030
~ 1551 m/sec = 1.551 km/sec.
(b) The circumference of one orbit is 27rr =~ 12503.5 km;
one orbit therefore takes about 8061 sec, or about
2 hr 14 min.
The total radius of the orbit is » = 1000 + 2100 = 3100
miles. One mile is about 1.61 km, so r =~ 4991 km
= 4,991,000 m. Then v = V8,793,800 =~ 2965 m /sec
= 2.965 km /sec ~ 1.843 mi/sec.

True. For a circle,e = 0. But when e = 0, the equation

degenerates to r = 0, which yields a single point, the pole.

True. For a parabola, e = 1. But when e = 1, the equation

degenerates to r = 0, which yields a single point, the pole.

Conics are defined in terms of the ratio distance to focus:
distance to directrix. The answer is D.

As the eccentricity increases beginning from zero, the
sequence of conics is circle (e = 0), ellipse (e < 1),
parabola (e = 1), hyperbola (e > 1). The answer is C.
Conics written in polar form always have one focus at the
pole. The answer is B.

r =1 + 2 cos @ is a limagon curve. (See Section 6.5.) The
answer is A.

(a) When6 = 0,cos0 = 1,s01 + ecosf =1 + e.
Th a(l — €% _a(l - ) A
M fecoss  1+e = al )
Similarly, when 6§ = 7, cos 0 = —1,s01 + e cos § =
. - a(l — &%) 7a(1—e2)7 L+
G ecosg 11— =a(l +e).
(b)a(l—e)=a(1—£)=a—a-£=a—c
a a
a(1+€):a<1+£>:a+a.£:a+c
a a
(¢) Planet Perihelion (in Au) Aphelion
Mercury 0.307 0.467
Venus 0.718 0.728
Earth 0.983 1.017
Mars 1.382 1.665
Jupiter 4.953 5.452
Saturn 9.020 10.090

(d) The difference is greatest for Saturn.

52. ¢ =

Section 8.5 Polar Equations of Conics 337

0 yields a circle (degenerate ellipse); e = 0.3

and e = 0.7 yield ellipses; e = 1.5 and e = 3 yield hyper-
bolas. When e = 1, we expect to obtain a parabola. But
a has no meaning for a parabola, because a is the center-
to-vertex distance and a parabola has no center.

The equation

r =

a(l — &%)

—— yields no parabolas. Whene = 1,r = 0.
1+ ecosf

53. If r = 0, then the point P can be expressed as the point
(r,0 + 7) then PF = rand PD = k — r cos 6.

PF = ePD
r =e(k — rcosf)
ke
r=———
1+ ecosf

Recall that P (r, 6) can also be expressed as (—r, 0 — ),
then PD = —rand PF = —rcos (0 — 7)) — k

54. (a)

PD = ePF
—r =e[-rcos (0 — m) — k]
—r = —ercos (0 — ) — ek
—r = ercosf — ek
—r — ercos 0 = —ek
ke
F=——"
1+ ecosb
k+rcos® Y
S P(r,0)
D T .
9?< —
1 1 1 F7 [\—II 1 1 é X
rcos 6
Directrix | Conic section
x=-k

(b)

PF =rand PD = k + rcos 0,s0 PF = ePD
becomes
r=ce(k +rcos9)

r — ercosf = ek

B ke

1 —ecost

y

5,

B Directrix

D i y=k

k—rsin 6 - F

9
l/l? 1 1 1 1 X
P(r, ) /_E N 5

r

Conic section

PF =rand PD = k — rsinf,so PF = e PD
becomes
r=e(k — rsin @)
r+ ersinf = ke
ke

1+ esinf’
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55.

56.

57.

58.

(©) y

Conic section

-
|6
rsinf [
N[ P(r, 0)
1 1 1 1 Il 1 1 X
Focus at pole < 3

]rsin6 +k
D

Directrix
y=-k

PF =rand PD = k + rsin 6,s0 PF = e PD becomes
e(k + rsin 0)

r =

r —ersinf = ek
_ ke
"T1 Zesing
Consider the polar equation r = L To transform
5 —3cosf

this to a Cartesian equation, rewrite the equation as
5r — 3r cos 0 = 16. Then use the substitutions

r="Vx>+ y*and x = r cos  to obtain
5Vx? + y? — 3x = 16.

5Var + 2 =3x + 16

25(x% + %) = 9x* + 96x + 256

25x% + 25y* = 9x? + 96x + 256

16x* — 96x + 25y* = 256

completing the square on the x term gives
16(x* — 6x + 9) + 25y* = 256 + 144
16(x — 3)* + 25y* = 400.

Th . L _
e Cartesian equation is s T

The focal width of a conic is the length of a chord through
a focus and perpendicular to the focal axis. If the conic is

given by r = the endpoints of the chord

. re
1+ ecosb’

3
occur when 6 = % and 6 = 7# Thus, the points are

(ke, %) and <ke, %T) and the length of the chord is
ke + ke = 2ke.

The focal width of a conic is 2ke.

Apply the formula e - PD = PF to a hyperbola with one
focus at the pole and directrix x = —k, letting P be the
vertex closest to the pole. Thena + k = ¢ + PD and

PF =c¢ — a.Usinge = 2, we have:
e-PD = PF
elatk—c)=c—a
e(a+k —ae)=ae —a
ae + ke — ae* = ae — a
ke —ae* = —a
ke = ae* — a
ke = a(e* — 1).
. ke
Thus, the equationr = ————
1 —ecosf
a@® — 1)
becomesr = —————.
1 —ecos@
(a) Let P(x, y) be a point on the ellipse. The horizontal

distance from P to the point Q(a?/c, y) on line L is
PQ = a*/c — x.The distance to the focus (c, 0) is

59.

PF = \/(x -+ = Va2 = 2ex + A+ y2.To
confirm that PF/PQ = c/a, cross-multiply to get
a PF = ¢ PQ; we need to confirm that

aVx?* — 2cx + & + y* = &> — cx. Square both sides:
A(x* — 2cx + & + y?) = a* — 2dPcx + X
Substitute a> — b? for ¢?, multiply out both sides, and
cancel out terms, leaving a*y* — a?b* = —b’x”. Since P
is on the elhpse x*/a® + y*/b* = 1, or equivalent

b’x* + a*y* = a*b*% this confirms the equality.

(b) According to the polar definition, the eccentricity is
the ratio PF /PQ, which we found to be c¢/a in (a).

(c) Since e = c/a,aje = % = d?/c and ae = c; the dis-
c/a

tance from F to L is a*/c — ¢ = a/e — ea as desired.

(a) Let P(x, y) be a point on the hyperbola. The horizon-
tal distance from P to the point Q(a*/c, y) on line L is
PQ = |a*/c — x|. The distance to the focus (c, 0) is
PF = \/(x -+ = Vi = 2ex + A+ y2.To
confirm that PF/PQ = c/a, cross-multiply to get
a PF = ¢ PQ;we need to confirm that

aVx = 2ex + &+ )P = |a*> — cx|. Square both
sides: a*(x* — 2cx + ¢ + y?) = a* — 2d%cx + Ax?
Substitute a*> + b? for ¢?, multiply out both sides, and
cancel out terms, leaving a*y* + a*b* = b?x”. Since P
is on the hyperbola, x*/a*> — y*/b*> = 1, or equivalent
b’x* — a*y* = a®b% this confirms the equality.

(b) According to the polar definition, the eccentricity is
the ratio PF/PQ, which we found to be c¢/a in (a).

(¢) Since e = c/a,aje = - a®/c and ae = c; the

c/a

. . a a .
distance from F to Lis ¢ — — = ea — — as desired.
c e

M Section 8.6 Three-Dimensional Cartesian
Coordinate System

Quick Review 8.6

1.

2.

3.

\/(x =22+ (y + 3)?

(HZQ)
2 7 2

P lies on the circle of radius 5 centered at (2, —3).

4. v = V(4?2 + (57 = V4l
5L2< 45>:<—4 5 >
T VAL \Val VAl

6. Z1v _ (28735 :< 28 —35>
Sy Va1

7. Circle of radius 5 centered at (-1, 5).

8. A line of slope —2, passing through (2,—4).

9. (x +1)* +
10.

(y — 3)*> = 4. Center: (-1, 3), radius: 2.
(-1 -2,~4 - 5), = (-3,-9)
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Section 8.6 Exercises
1.

VE - (1)) + (-4 -2+ (6-5>=V53
V(6 =22 + (=3 — (1)) + (4 — (=8))% = 24l
Via =172+ (b - (-3)) + (c — 2
=Via—-17%+ (b +32+(c-2)7
Vix=pP+ @ —aqf+(z—r?

»n

&

N

®

9. (3 ; 1’—42+ 2,6 ;— 5) _ (1’_1’%>

10, (2 er 6’ —12— 3, —82+ 4) — (4.-2,-2)

1. (2x2_2,2y2+8,212+6) = (x—1y+4z+3)
. <3a2— a, 3b2— b’ 302— c) — (ab.c)

1B (x =5+ (y+1
4. (x+1)>+(y-5
15. (x — 1)+ (y+3
16. (x = p)*+(y— ¢

24 (z+2)2 =64
24+ (z—8)2=5
2+ (z-21%=a
P4+ (z—-r) =36

~— — —

~
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22.

23.
24.
25.
26.
27.

28.

29.

30.
31.
32.

33.

(3,0,0)

o

X

34.

Analytic Geometry in Two and Three Dimensions

The air’s velocity relative to the ground is

v, = —10 cos 45°i — 10 sin 45°j.

Adding these two vectors and converting to decimal val-
ues rounded to two places produces the plane’s velocity

relative to the ground:

v=-19501i — 7.07j + 68.40 k.

The rocket’s velocity relative to the air is

v = 12,000 cos 80°i + 12,000 sin 80° k

The air’s velocity relative to the ground is

v, = 8cos45°i + 8sin 45°j.

Adding these two vectors and converting to decimal val-
ues rounded to two places produces the rocket’s velocity
relative to the ground:

v =2089.431 + 5.66j + 11,817.69 k.

For #35-38, the vector form is ry + ¢v with r(xg, yo, 20), and

the parametric formis x = xy + ta,y = yy + tb,

z = z9 + tc where v = (a, b, ¢).

35.

36.

37.

38.

39.

40.
41.

42.

43.

r+v=<1,0,-3) + (=3,4,-5) = (-2,4,-8)

r—w=(1,0,-3) — (4,-3,12) = (-3,3, -1

vew =-12—-12 — 60 = —84

w = V4 + (=3 + 122 = 13

r-(v+w) =r-((-3,4,-5) + (4,-3,12))
=(1,0,-3)-(1,1,7) =1+ 0 - 21 = =20

rv+rew=(-3+0+15) + (4 + 0 — 36) = 20 as.
w_ #3312 <i_i£>
Wl Va + (=3)7 + 122 3')2+122 137 13°13

i-r=(1,0,0)-(1,0,—
(i-v,j-v,k-v) =(—3,4,—5>

(r-v)w = ((1,0, =3) - (=3,4, =5)) (4, =3,12)
= (=3 + 0 + 15){4, -3, 12) = (48, —36, 144)

The plane’s velocity relative to the air is
vy = —200 cos 20°i + 200 sin 20° k

5) 44.

Vector form: r = (2,—1,5) + (3,2, —7); parametric form:
x=2+3t,y=-1+2t,z=5—-"Tt.

Vector form: r = (-3, 8, —1) + #-3, 5, 2); parametric form:
x=-3-3t,y=8+5t,t = -1 + 2t.

Vector form: r = (6,—9,0) + (1,0, —4); parametric form:
x=6+ty=-927= -4t

Vector form: r = (0, —1,4) + 0,0, 1); parametric form:
x=0,y=-1,z=4+1

Midpoint of BC: (1, 1, —1). Distance from A to midpoint
of BC: V(-1 — 1)> + 2 — 1)> + (4 — (—1))> = V30.
Direction vector: (0 — (-1),6 —2,-3 — 4)
=(1,4,-7),0A =(-1,2,4),r =(-1,2,4) + 1,4,-7)
Direction vector: (2, —1, —5) (from Exercise 34). The vec-
tor equation of the line isr = (-1, 2, 4) + 2, -1, —5).
Direction vector: 2 — (=1),—4 — 2,1 — 4)

= (3,6, -3), OA = (-1, 2, 4),s0 a vector equation

of the lineisr = (-1, 2, 4) + 13, —6, —3)

= (=1 + 3t,2 — 6t,4 — 3¢). This can be expressed in
parametric form: x = -1 +3t,y =2 — 6t,z7 = 4 — 3t.

Direction Vect(&)(Z -0,-4-6,1—- (-3))

= (2,-10,4), OB = (0, 6, —3) so a vector equation of
the line is r = (0, 6, =3) + (2, —10, 4)

= (2t,6 — 10t, =3 + 4¢). This can be expressed in
parametric form: x = 2t,y = 6 — 10t,z = =3 + 4t

_ (1 5
Midpoint of AC: (5 -1, 5) Direction vector:

1 5 1 11
(om0 a)= (Lo lt)

OB = (0, —6, —3), so a vector equation of the line is

1 11
= — =+ —_ — _
(0,6, —3) t<2, 7, > >

= <%z, 6 —7t,—3 + %t>.This can be expressed in

1 11
parametric form: x = Et’ y=6-—-"Ttz=-3+ Tt'
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[— 1 1
46. Midpoint of AB: (_E’ 4, 5) Direction vector:

1 1 5.1
<—5 — 24— (4.5 - 1> = <—5, 8, —5>,

O—C)‘ = (2,4, 1), so a vector equation of the line is
5 1
= (2,4, 1) + (2,8~
r < ’ > < 2 2>

5 1
= <2 — Et’ —4 4+ 8,1 — Et>.This can be expressed in

1
parametric form: x = 2 — 5[, y=—4+8,z=1-— Et'

47. The length of AB =
VO = (—1)2 + (6 — 2)? + (=3 — 4)> = V66, the
length of BC =
V(2 = 0% + (=4 — 6)> + (1 — (=3))? = 2\/30; the
length of AC =
V@2 = (-1 + (=4 — 2)* + (1 — 4)> = 3V6. The
triangle ABC is scalene.

48. M = (1,1, —1) (from Exercise 33). The midpoint of

S 33
AM = (0,2, ).
(’2’2)

49. (a)

L B

(b) the z-axis; a line through the origin in the direction k.

50. (a) z
-

L
y

) I S |

5
X

T T T T T

(b) the intersection of the yz plane (at x = 0) and xy plane
(at z = 2); a line parallel to the y-axis through (0, 0, 2).

51. (a)

b4
5

T T T T T

Coeo o YO
y

5

X

T T T T T

(b) the intersection of the xz plane (at y = 0) and yz

plane (at x = —3); a line parallel to the z-axis through

(-3,0,0).

52. (a)

wn

T T T T T

(b) the intersection of the xz plane (at y = 1) and xy
plane (at z = 3); a line through (0, 1, 3) parallel to
the x-axis.

Yis 2~ 2
OP = (xy, y,, 23), S0 a vector equation of the line is
r=( + (= x)Ly + (2 =yt o+ (22 = 20)0)-

54. Using the result from Exercise 49, the parametric
equations are x = x; + (x, — x))t, y = y; + (¥, — y1)t,
2=z + (2o — zZ)t.

55.

53. Direction vector: (x, — xq, y, —

0 (%2, y2, 22)

’J/,‘. R (x5, y2, 21)

-
-

P (xp, y1, 21) Y

X
By the Pythagorean theorem,
d(P,0) = V(d(P. R))" + (d(R. Q))
= V(VG =02+ 01— 2P + (2 — 2l
= V(- 0+ (1 — )’ + (@ - 2~
56. Letu = (x;, y;,z).Thenu - u = x3 + y} + 2}
S (VAT AT AR = P
57. True. This is the equation of a vertical elliptic cylinder.

The equation can be viewed as an equation in three vari-
ables, where the coefficient of z is zero.

58. False. Because the coefficient of ¢ is always 0, the equa-
tions simplify to x = 1, y = 2,z = —35; these represent
the point (1,2, — 5).

59. The general form for a first-degree equation in three vari-
ablesis Ax + By + Cz + D = 0.The answer is B.

60. The equation for a plane is first-degree, or linear; there
are no squared terms. The answer is A.

61. The dot product of two vectors is a scalar. The answer is C.

62. The conversion to parametric form begins with
x=2+1t,y= -3+ 0t,z =0 — 1¢.The answer is E.

63. (a) Each cross-section is its own ellipse.
2 2
x=0: yj + 1% = 1, an ellipse centered at (0, 0)

(in the yz plane) of “width” 4 and “height” 8.
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64.

65.
66.
67.

68.

2 2
y=0: 5} + 6= 1, an ellipse centered at (0, 0)
(in the xz plane) of “width” 6 and “height” 8.
2 2
z=0: % + yZ =1, an ellipse centered at (0, 0)

(in the xy plane) of “width” 6 and “height” 4.

(b) Algebraically, z = V1 — x> — y? has only positive
values; 0 =< z = 1 and the “bottom” half of the sphere
is never formed. The equation of the whole sphere is
X+ y+2=1

() z

(d) A sphere is an ellipsoid in which all of the x = 0,
y = 0,and z = 0 “slices” (i.e., the cross-sections of the
coordinate planes) are circles. Since a circle is a
degenerate ellipse, it follows that a sphere is a
degenerate ellipsoid.

(a) Since i points east and j points north, we determine
that the compass bearing 6 is

22.63

193.88

6 = 90° — tanfl( ) ~ 90° — 6.66° = 83.34°.

(Recall that tan 6 refers to the x-axis (east) being
located at 0°; if the y-axis (north) is 0°, we must adjust
our calculations accordingly.)

(b) The speed along the ground is

V/(193.88)% + (22.63)* ~ 195.2 mph.

(¢) The tangent of the climb angle is the vertical speed
divided by the horizontal speed, so

125
~ tan—1 ~ °
0 ~ tan (195.2) 32.63°.
(d) The overall speed is
V/(193.88)> + (22.63)2 + (125)> ~ 231.8 mph.
Q2-3,-6+1,1—-4)=(1,-5-3)
(2+6,2—-8,-12+ 1) ={4,—-6,-11)

ixXj=(,0,0)%x(,1,00=¢0-0,0-0,1-0)=
0,0,1) =k

u-(uXxv)=
Uy, Un, Uz) * (U3 — Uz0y, UsV) — UyD3, WDy — UpDY)
= (03 — uguv;) + (UupUsv) — Uy03)
+ (w30, — uyuzvy)
=0
v-(uXv)=
V1, V3, V3) * (UpV3 — U3V, U3V — U3, Uy, — UpD))

= (0103 = UzV10;) + (UsVV; — U D,Y3)
+ (003 — Uyv103)
=0
So the angles betweenuand u X v,and vandu X v,
both have a cosine of zero by the theorem in Section 6.2.
It follows that the angles both measure 90°.

Chapter 8 Analytic Geometry in Two and Three Dimensions

H Chapter 8 Review
1.h=0,k=0,4p=12,s0 p = 3.
Vertex: (0, 0); focus: (3, 0); directrix: x = =3,
focal width: 12.

y

S~

2.h=0,k=0,4p = —8,s0 p = —2.
Vertex: (0, 0); focus: (0, —2); directrix: y = 2,
focal width: 8.

y
2
3. h=-2k=1,4p=—4,sop =—1.

Vertex: (=2, 1); focus: (=2, 0); directrix: y = 2,
focal width: 4.

y

K

4. h=0,k=-24p =16,s0 p = 4.
Vertex: (0, —2); focus: (4, —2); directrix: x = —4,
focal width: 16.

y

N

10
L1
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5. Ellipse. Center (0, 0). Vertices: (0, +2V?2); Foci: (0, +V3)
since c = V8 — 5 = V3.

y
7

\

X
7

6. Hyperbola. Center: (0, 0). Vertices: (0, £4);
Foci: (0, £V65) since ¢ = V16 + 49 = V65.

<

10

\

N

]

10

X

/

7. Hyperbola. Center: (0, 0). Vertices: (£5, 0),

c=Va+b=V25+36= \/67, so the foci are:
(£Vel,0).

~

10

X

8. Hyperbola. Center: (0, 0). Vertices: (£7,0),

c=Va+6=\V49+9= \/SE, so the foci are:
(£V58,0).

~

9. Hyperbola. Center: (=3, 5). Vertices: (—3+3V?2, 5),

c=Va+b=V18 + 28 = \/4%, so the foci are:
(=3£V46,5).

Chapter 8 Review 343

20

N

10. Hyperbola. Center: (7, 3). Vertices: (7, 3+3) = (7, 0)

11.

12.

13.
14.
15.
16.
17.
18.

and (7,6),c = V> + b> = V9 + 12 = V21, so the
foci are: (7,3+V21).

y
13

Ellipse. Center: (2, —1). Vertices: (2+4,—1) = (6, 1)

and (-2,-1),¢ = V&> — b = V16 — 7 = 3, so the foci
are: (2+3,-1) = (5,-1) and (-1, -1).

ST DN\

Ellipse. Center: (-6, 0). Vertices: (=6, +6)

c=Va - =V3-20= 4, so the foci are:
(=6, £4).

LI B e e e
ME
=

(b)
®
(h)
(e)
®
(d)

Copyright © 2015 Pearson Education, Inc.



344 Chapter 8 Analytic Geometry in Two and Three Dimensions

19. (0)

20. (a)

21. B2 — 4AC = 0 — 4(1)(
parabola (x> — 6x + 9)

00

3+9
so(x —3)P2=y+ 12
y
o}
1111 |||||||||1|Ox
22. B> — 4AC = 0 — 4(1)(3) = —12 = 0,
ellipse (x* + 4x + 4) + 3y> =5 + 4,
(x + 2)?
LA
S 3
y
4T
23. B — 4AC = 0 — 4(1)(-1) =
hyperbola (x*> — 2x + 1) — (y? —4y+4)
(x -1 (y-2)
=1-4+6 _ _
;50— 3
y
s
L1 1 /1 _I 1 II\II6 X
24. B — 4AC = 0 — 4(1)(0) = 0,
parabola (x> + 2x + 1) = =4y + 7 + 1,

)
so (x + 1) = —4(y — 2).
y

/

25. B> — 4AC = 0 — 4(1)(0
parabola (y* — 4y + 4

\_//-\
Il \_/

10

X

26. B> — 4AC = 0 — 4(3)(0) = 0,
parabola 3(x*> — 2x + 1) =4y + 9 + 3,

so(x —1)* = (y+3)
y

9

N\

N

27. B2 — 4AC = 0 — 4(2)(-3) = 24 = 0,

hyperbola 2(x* — 6x + 9) — 3(y* + 8y + 16)

G+ @3

— 18 — 48 — 60
AT 45

28. B2 — 4AC = 0 — 4(12)(—4) = 192 > 0,

hyperbola 12(x* — 6x + 9) — 4(y* + 4y + 4)

(x=3 (+2°_

=108 — 16 — 44, so 7 T

y

N W

X
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29. By definition, every point P(x, y) that lies on the parabola
is equidistant from the focus to the directrix. The distance
between the focus and point P is:

V(x =00+ (y — p)> = Vx? + (y — p)’, while the

distance between the point P and the line y = —p is:
\/(x -xP+(+pP= \/(y + p)?. Setting these
equal:

V2 +(y—pl=y+p

Pty -p’=0+p)y
X4y = 2py+ pP =y +2py + p’
= 4py.
30. Let the point P(x, y) satisfy y> = 4px. Then we have
y* = 4px
X2 =2px + PP+ yP=x%+ 2px + p?
(x=pP+y=@x+p’+0
=P+ -0 =(-(p)+ -y
Vi =pP+ (-0’ =Va-(pP+ G-y
distance from P(x, y) to (p, 0) = distance from P(x, y) to
x = —p.
Because P(x, y) is equidistant from the point (p, 0) and
the line x = —p, by the definition of a parabola, y* = 4px

is the equation of a parabola with focus (p, 0) and direc-
trix x = —p,

31. Use the quadratic formula witha = 6,b = —8x — 5, and
¢ = 3x* — 5x + 20.Then b* — 4ac = (—8x — 5)°
— 24(3x* — 5x + 20) = —8x* + 200x — 455, and

1
Y=y |8+ 5+\V/—8x% + 200x — 455 | — an ellipse.

.

[0,25] by [0, 17]

32. Use the quadratic formula witha = 6,b = —8x — 5, and
¢ = 10x* + 8x — 30.Then b* — dac = (—8x — 5)?
— 24(10x* + 8x — 30) = —176x* — 112x + 745, and

1
Y=1 |:8X +5£V—176x% — 112x + 745 | — an ellipse.

/A
Y

!

[5,5] by [-3,3]

33. Solve the equation for y:
(6 — 2x)y + (3x* — 5x — 10) = 0. Subtract
3x*> — 5x — 10 and divide by 6 — 2x, and we have
~ 3x%2 —5x — 10

=6 — a hyperbola.

Chapter 8 Review 345

L

"'-ﬂl

[-8, 12] by [-5, 15]

34. Use the quadratic formula with a = —6,b = 5x — 17, and
¢ = 10x + 20.Then b* — 4ac = (5x — 17)?
+ 24(10x + 20) = 25x* + 70x + 769, and

{Sx — 17+V25x% + 70x + 769 } — a hyperbola.

YT 12

V
/r—

—15,15] by [—10, 10]

35. (a) B> — 4AC = 2% — 4(1)(1) = 0 so it is a parabola.

A-C 1-1
(b) cot(20) = 3 =T=O,s0 cos (26) = 0.
[T+ (0) 1
0 = = ——and
cos > \@an
. 1 - (0) 1
6 = =—.
sin 2 5
X cosf — vsinfh “ Y and
=y — = _ 2
V2 V2
v

u

=usin® + vcosh = — + ——.
Yo V2 V2

(¢) So x*+2xy+y*+4V2x +4V2y + 8 = 0 becomes

Elet b P
vi ve) P T v \ve T e
(G2t vs) + vl vs) 2

(7 + —) + 8 = 0 which simplifies to

va '
w? = 4w —1).

(d) The vertex is (0, 1) and the focus is (0, 2).
@r=t_v_0 1 _ V24
TVZTvz vz vz 2
w4 v 0 1 V2
TvaTva Va2 2
< V2 V2

so the vertexis ( ———, —— |.
272
u ) 0 2
xi% %7%_%*_\/231‘1(1
_u v L i 3
YTwtvaTva v

so the focus is (— V2, V2).

36. (a) B> — 4AC = (—24)* — 4(91)(84) = —30,000 < 0
so it is an ellipse.
A-C -T7-0 7

(b) cot(20) = 5 - o T w

Copyright © 2015 Pearson Education, Inc.



346 Chapter 8 Analytic Geometry in Two and Three Dimensions

7 1+ (=7/25) 3 b 4< 4 )
=—. = === 41.h=2k=1,a=3"-=-(b=--3=4
so cos (20) 25 cos 0 > 5and h Lk ,a 3’a 3 b 3 3 , SO
sing = (LT (725 _ 4 (-2 G-
2 5 9 16

3 4
x=uc0s0—vsin9=?u—?vand 48. h=-5k=0c—k=3(c=3),a—k=2(a=2),
) du 3w b=\/c2—a2=\/9—4=\/§,so
y—usm0+vcose—?+?. )j (x+5)2_
(¢) So 91x> — 24xy + 84y*> = 300 becomes 4 s
3u 4’ 3u 4 2y
91(? - ?) - 24(? - ?) 49. % = cost and% = sin ¢, so 75 + yZ =1 — an ellipse.
4u 3v> (4u 31))2 . 2 2
— + ) +84{ — + | =300 which Y Y _ LN A :
5 5 5 5 50. — =sintand —~ = cost,s0 -— + —— = 1 — an ellipse.
P ; 4 6 16 36
simplifies to — + — = 1. S51. x +2=costandy — 4 = sint,so
4 3 (x +2)% + (y — 4)? = 1 — an ellipse (a circle).
(d) The vertices are (£2, 0) and the foci are (+1, 0). 5 +3
© x = 3u 4 _ 3(£2) _ 4(0) — 112 and 52. e = cos t and Y = sin ¢, SO
5 5 5 5 ’ ( S (43
4(£2 3(0 r - y
:45—M+3?v: (5)+%:il.6,sothe g t g =Lor(x =57+ (y+3)72=9
vertices are (1.2, £1.6). — an ellipse (a circle).
3u  4v 3(£1)  4(0) 2 2
X=FT T 5T 5 T 5 = +0.6 and 53. g = sectand% = tant,so% - % = 1 — a hyperbola.
4u  3v A=) | 3(0) 22
T 5 + 5 5 + 5 +0.8, 50 the 54. z = sectand% = tant,so% -9 = 1 — a hyperbola.
foci are (£0.6, £0.8).
37. h =0,k = 0, p = 2, and the parabola opens to the right S3.
as y* = 8x.
38. h =0,k = 0,]4p| = 12, and the parabola opens downward,
so x> = —12y (p = -3).
39.h=-3k=3p=k—y=3-0=3(sincey =0is
the directrix) the parabola opens upward, so (x + 3)? =
40. hh = 1,k = —2, p = 2 (since the focal length is 2), and the Parabola with vertex at (2,0),s0 = 2,k = 0,e = 1.

parabola opens to the left,so (y + 2)> = —8(x — 1).

41. h =0,k =0,c=12anda = 13,50 b = Va* — ¢? o ) .
) ) parabola. Substituting (0, 4) into y* = 4p(x — 2) we have
= V169 — 144 = 5. 1% + ;—5 — 1 16 = 4p(=2), p = —2. )* = —8(x — 2).
56. 6

2. h=0,k=0,c=2anda =6,50b = Va* —

2 2
y X
=V36-4=4V2. —+ =1
36 -4=4V2 st =1 \ /

The graph crosses the y-axis, so 4,% = (0,4) lies on the

43. h =0,k =2,a=3,c=2— h(soc =2)and

b=Va-=V9-4=1550

2 _ oy [~10, 10] by [—4, 10]
< 0=
9 5 5
4. h=-3k=-4a=40=-3=%cc=3, e = 1,s0 a parabola. The vertex is (h, k) = (0, - *) and
b=V -c=V16-9=\V750 2
’ the point (5, 0) lies on the curve. Substituting (5, 0) into
(x+3)2+(y+4)2_1 5 5 5
16 7 " X = 4p(y + 5),we have 25 = 4p(5),p =5
45. h=0,k=0,c=6,a =235, 5
b=V —da=\V36-25=\V11,s0 x2=10(y+5)-
y_ox
25 11 X 5
0 k=0a=22—9p= > _y_
46.h=0k=0a=2"=2(b=4)50° — =1

Copyright © 2015 Pearson Education, Inc.
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7. 7 14 49
S c=ea=5-?=3thecenter(h,k)
= (0 =35 E) = (0 ;49) (since it’s symmetric on
9 9 ) Y
the y-axis). Solving for
49\*  (14\* 21V5  7V5
[-3.3] by [-2.2] b=V -a = (*) —(*) =y =
9 9 9 3
1
e = 7,s0an ellipse. In polar coordinates the vertices are 81 <y . 49 )2
9 9x?
. i i - "7 2= -1,
(2,0) and (1, 7) Convertlni to Carte51a111 w: havle (2,0) 19 25
- = =2 c=eg=-+2== 60.
and (=1,0),s02a = 3,a 2,6 ea 322 and

3 1
the center (h, k) = (2 - 0) = (E’ 0) (since it’s

symmetric about the polar x-axis). Solving for \ J /\\
3} (1Y 8
p=vi—e=\3) - () = i-v2

[-2,6] by [-2,3]

<

1\ 5
4(x - E) 2 e=>,s0a hyperbola. In polar coordinates the vertices
— + =1

|

15
are (7, 0) and (=5, 7). Converting to Cartesian we

58.
15 20 10
l/+\ have (*, O)and (5,0),s02a = ha=

7 9
5 10 25
c=ea=5r— = 7the center (h, k)
5+ 15/7 25 . . .
= Y 0)= = 0 | (since it’s symmetric on
[23,23] by [-2,1]

the y-axis). Solving for b* = a*> — 2

1
e = —,so an ellipse. In polar coordinates the vertices are _ (é)z _ (E)Z _ 525 _ s
7 7 49 7
3 377 . . 2
52 5 ) Converting to Cartesian we have 49 <x 25 )
8 4 14 1 7 7y
=2 g="c=eg=-+— =~ T ee— =1
(0 5)and(O —1),s02a S,a S,C ea 15" 3
3 4 -1 .
the center (h, k) = (0,§ - g) = (0, ?) (since it’s 61

symmetric on the y-axis). Solving for

4\? 1\ 15 3
2: 2 _ 2: —_ _ —_ = —_— = -

2
25(y + 1) , —20,4] by [- e = 1, so0 a parabola. In
5 Sx
16 + 3T 1. polar coordmates, the vertex is
59, (1, 0) and the parabola crosses the y-axis at (2, %)

_ . — Converting to Cartesian form, we have the vertex

(h, k) = (1,0) and a point on the parabola is (0, 2). Since
f——m the parabola opens to the left, y> = 4p(x — 1). Substituting

(0,2),we have 4 = —4p, p = —1.
Y= —4(x — 1)

8,8] by [~11,0]

62.

(-

7
e = > so a hyperbola. In polar coordinates the vertices
are

) ( ) ) Converting to Cartesian we

=35 28 14
have (0, —7) and (O, r ),so 2a = 54 g 17777 by [31.31]
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348 Chapter 8 Analytic Geometry in Two and Three Dimensions

63.

64.

65.
66.
67.
68.

69.

70.

71.
72.

73.

74.

75.
76.
71.

78.

e = 1, so this is a parabola. In polar coordinates, the vertex

1
is <5 77) and the parabola crosses the y-axis at
(1, %) Converting to Cartesian form, we have the

1
vertex (h, k) = (*5, O> and a point on the parabola is

(0, 1). Since the parabola opens to the right,

1
y? = 4p<x + 5) Substituting (0, 1), we have 1 = 2p,
1

1
=)y = + )
p=3y 2(x 2)

VG = ()2 + (=2 — 02 + (—4 — 3)?
= V16 + 4 + 49 = V69

(3—1—2+0—4+3)_(1_1_1)
2 2 0 2 2

v+w=(31-2)+(3,-4,0) = (0,-3,-2)
v—w=(31,-2)—(3,-4,0) = (6,5, -2)
vew=(3,1,-2)-(3,-4,00=-9 -4 +0=-13
M=V(3)P + 2+ (22 =V9+1+4=V14
LR VI ERE

Wl V34 (-2 + 02 \5 5
(vew)(v+w)=-13

0, =3, -2) = (0, 39, 26)
(x+1)2+y"+(z—-3)?=16

The direction vector PQ is (3 — (=1), -2 — 0,

—4 — 3) = (4, =2, 7). Since the line / through P in the
direction of PQ is! = (—1,0,3) + t (4, =2, —7), the para-
metric equations are: x = —1 + 4t,y = —2t,z =3 — 7¢.

The direction vector is (=3, 1, —2) so the vector equation
of a line in the direction of v through P is
r=(-1,0,3) + #(-3,1-2)

RN 1
The mid-point M of PQ is: (1, -1, —5) (from

—_ 1
Exercise 64) so OM = <1, -1, —£>.The direction

vector is w = (3,4, 0), so a vector equation of the line is

1
v = <1 + 3t, -1 — 4, —E>.This can be expressed in

parametric form: x = 1 + 3,y = -1 — 4t,z = >

4p = 18,50 p = 4.5; the focus is at (0, 4.5).

4p = 15,s0 p = 3.75; the focus is at (3.75, 0).

(a) The “shark” should aim for the other spot on the
table, since a ball that passes through one focus will
end up passing through the other focus if nothing gets
in the way.

(b) Leta = 3,b = 2,and ¢ = V5. Then the foci are at

(—V/53,0) and (V/5,0). These are the points at which
to aim.

The total radius of the orbit is r = 0.500 + 6380
= 6380.5 km, or 6,380,500 m.

79.

80.

(a) v = 7908 m/sec = 7.908 km //sec.

(b) The circumference of the one orbit is 27rr =~ 40,090
km; one orbit therefore takes about 5070 sec, or about
1 hr 25 min.

The major axis length is 18,000 km, plus 170 km, plus the

diameter of the Earth,so a ~ 15,465 km = 15,465,000 m.

At apogee, r = 18,000 + 6380 = 24,380 km, so v ~ 2633

m/sec. At perigee, r = 6380 + 170 = 6550 km, so

v ~ 9800 m/sec.

Kepler’s third law: T2 = @, T is in Earth years and a is in AU.

4= T2 — ( 409 days
365.2 days/year

¢ = ae = (161 Gm)(0.83) ~ 134 Gm

perihelion: a — ¢ = 161 Gm — 134 Gm = 27 Gm
aphelion: a + ¢ = 161 Gm + 134 Gm = 295 Gm

2/3
) ~ 1.08 AU = 161 Gm

Chapter 8 Project
Answers are based on the sample data provided in the table.

1.

2.

[0.4,0.75] by [-0.7, 0.7]

The endpoints of the major and minor axes lie at approxi-
mately (0.438,0), (0.700, 0), (0.569, 0.640) and (0.569,
—0.640). The ellipse is taller than it is wide, even though
the reverse appears to be true on the graphing calculator
screen. The semimajor axis length is 0.640, and the
semiminor axis length is (0.700 — 0.438)/2 = 0.131. The

(y -0y
(0.640)?

(x — 0569)*
(0.131)>

equation is

. With respect to the graph of the ellipse, the point (4, k)

represents the center of the ellipse. The value a is the
length of the semimajor axis, and b is the length of the
semiminor axis.

. Physically, # = 0.569 m is the pendulum’s average dis-

tance from the CBR, and k = 0 m/sec is the pendulum’s
average velocity. The value a = 0.64 m/sec is the maxi-
mum velocity, and b = 0.131 m is the maximum displace-
ment of the pendulum from its average position.

. The parametric equations for the sample data set (using

sinusoidal regression) are
xi7r ~ 0.131 sin (4.80T + 2.10) + 0.569 and
yir = 0.639 sin (4.80T — 2.65).

o man
nu“"ﬂumnnfnhgg.
-

+
h b1

*
+
that

[-0.1, 1.4] by [-1, 1] [0.4,0.75] by [-0.7, 0.7]
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